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Abstract 

Let G be a compact quantum group and G““*(i?,'0) be the quantum automorphism group of 
a finite dimensional C*-algebra {B.'ijj). In this paper, we study the free wreath product G U 
G““‘(-B,'(/')■ First of all, we describe its space of intertwiners and find its fusion semiring. Then, 
we prove some stability properties of the free wreath product operation. In particular, we find 
under which conditions two free wreath products are monoidally equivalent or have isomorphic 
fusion semirings. We also establish some analytic and algebraic properties of G U G““‘(i3, tp). As 
a last result, we prove that the free wreath product of two quantum automorphism groups can 
be seen as the quotient of a suitable quantum automorphism group. 


Introduction 

The theory of compact quantum groups was introduced by Woronowicz in [Wor87| and further devel¬ 
oped in [Wor91l IWor98j . This framework includes many of the well known and deeply investigated 
quantum groups constructed by Drinfeld and Jimbo some years before as a g-deformation of the 
universal enveloping algebras of classical Lie algebras (see |Dri86[ IDri87[ IJim85] L New examples 
of compact quantum groups, which are not contained in previous theories, were found by Wang in 
|Wan93l IWan98| and are the so-called free quantum groups. In the first of these two papers, he 
defines the quantum analogue of the classical orthogonal and unitary groups as the noncommutative 
versions of the C*-algebras C{On) and CiUn) respectively. 

In |Wan98j . Wang studies the classical notion of automorphism group of a finite space and introduces 
its quantum counterpart. In particular, in the framework of noncommutative geometry, the role of 
the finite measured space is played by a finite dimensional C*-algebra B endowed with a faithful 
state Ip. The quantum automorphism group 'ip) is then defined as the universal object in the 

category of compact quantum groups acting on B and leaving ip invariant. An important quantum 
group of this family is the quantum symmetric group 5+; it is obtained choosing as space C"" endowed 
with the usual trace. 

The first relevant results concerning these families of compact quantum groups introduced by Wang 
are due to Banica. In [Ban96[ lBan97[ rBan99[ IBan02] . he classified their irreducible representations 
and found the fusion rules. An intermediate essential step towards these results is the understanding 
of the spaces of intertwiners between tensor products of the fundamental representation. One of the 
possible approaches to this problem is the combinatorial one. More precisely, it consists in describing 
the intertwiners by making use of special classes of noncrossing partitions. This technique was used 
for the first time in |Ban99[ lBan02j . where the intertwiners are described by using Temperley-Lieb 
diagrams, but its systematic use has begun only some years later by Banica and Speicher [BSn9] . 
They proved that many quantum groups allow such a combinatorial description and the notion of 
easy quantum group was introduced to denote the class of all compact quantum groups with this 
property. A complete classification of the (orthogonal) easy quantum groups was later done by Weber 
and Raum and this allowed also to discover new compact quantum groups (see [Web 131IRW13] ). 

As for the classical groups, another way to find new quantum groups is through different types of 
product operations. In |Wan95] . Wang introduced the notion of free product and showed that the 
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irreducible representations of the quantum group so constructed are the alternate tensor products 
of the irreducible representations of the factors. A second important operation to consider in this 
framework is the free wreath product by the quantum symmetric group. In the classical case the 
wreath product of a group G hy Sn, denoted G I Sn, is defined thanks to the natural action of Sn 
on a set of n copies of G. Bichon in [BicOdj introduced the free quantum version G U by using 
an action of on n copies of G. Moreover, always in analogy with the classical case, the free 
wreath product, from a geometric point of view, allows to describe the quantum symmetry group of 
n copies of a finite graph in terms of the symmetry group of the graph and of S^. In [Bic04| a first 
easy example was analysed in detail and its representation theory was described: the free wreath 
product Z 2 U S^. A more general analysis of the compact quantum groups so obtained was done in 
three successive steps. In [BV09| . Banica and Vergnioux studied 5"+ and found its irreducible 
representations and fusion rules in the case n > 4. This investigation was continued by Lemeux in 
lheml4j, where he considered the free wreath product of a discrete group T by 5^, n > 4. Finally, 
in [T7TT4] . Lemeux and Tarrago presented an even more general result; they analysed the case of 
the free wreath product of a compact matrix quantum group of Kac type G by 5+ and found its 
representation category by using an argument of monoidal equivalence. 

In this last paper it is also possible to find many results concerning the properties of the algebras 
associated to a free wreath product. In particular, by using a result from [DCFY 14] . it has been 
proved that, if G has the Haagerup property, also the von Neumann algebra L°°(G U S^) has this 
Drooertv. Moreover, the reduced C*-aleebra Gr.(G L S^) is exact if Gr-(G) is exact. In [Lem m, 
Lemeux proved the simplicity and uniqueness of the trace for the reduced C*-algebra in the discrete 
case. His argument, based on the so-called Powers method and on the simplicity and uniqueness of 
the trace of (n > 8) proved bv Brannan in [Bra m, was extended by Wahl in [Wahl4j to the 
general case of a matrix pseudogroup of Kac type. 

In [Pitl4| . the second author defined and analysed the free wreath product of a discrete group by 
a quantum automorphism group, giving a partial generalization of Bichon’s definition. First of 
all, he gave a new description of the spaces of intertwiners of G““*(i?,^/:) which makes use of non 
crossing partitions instead of Temperley-Lieb diagrams. Thanks to this result, he was then able to 
find the irreducible representations and the fusion rules of F i* G““*(H,'0), when ijj is a d-form and 
dim(i?) > 4. Moreover, he proved some properties of the associated operator algebras, extending 
the results of [Lem HI- 

We recall that G{X), the group of symmetries of a graph X with n vertices, can be seen as a quotient 
of the symmetric group Sn- Moreover, when dealing with the usual notion of wreath product, there 
is a sort of geometric interpretation thanks to formulas such as 

G{X * Y) ^ G{X) I G{Y) 

for a suitable notion of product * and only for graphs satisfying certain conditions. 

The main motivation behind the definition of free wreath product by a quantum permutation group 
given by Bichon is to find a quantum analogue of these results. More precisely, if we denote by 
G'’“(A) the group of the quantum symmetries of a finite graph A, we have formulas such as 

G+(A*y) ^G+(A)L G+{Y) 

for a suitable notion of * and some assumptions on the graphs (see [Bic04l IBBOTi IChalSj ). 


In this paper, we introduce and study the free wreath product construction by a quantum auto¬ 
morphism group of a finite quantum graph, generalizing all the previous construction (free wreath 
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product by the quantum permutation group or the quantum automorphism group of a finite metric 
space or graph etc). Our main motivation behind such a construction is to generalize, unify and 
simplify all the known formulas of the type G^{X * y) = i'* G^{Y). 

After a preliminary section (section 1), We introduce in section 2 the notion of finite quantum graph 
where B is a hnite dimensional C*-algebra, V’ is a faithful state on B and d E B.{B) 
and its quantum automorphism group {B, ip, d) which generalizes and unifies the notions of 

quantum permutation group, quantum autmorphism group of a hnite dimensional C*-algebra as 
well as quantum automorphism group of a hnite graph or more generally of a hnite metric space. 
Then we introduce the free wreath product G U of a compact quantum group G by 

G““*(B,-i/’, d) and prove that we have a compact quantum group. 

When d = 1, we describe in section 3 its spaces of intertwiners by means of specially decorated 
noncrossing partitions, when ip is a d-form and dim(i3) > 4. From this, by adapting (in section 
4) a monoidal equivalence argument used in [LT14| . we can deduce the irreducible representations 
and the fusion rules in section 5. We also prove in section 5 a decomposition formula of any free 
wreath product Gi*G““*(S, ^p) with a general faithful state “ip in a free product of free wreath wreath 
products Gj U G““*(Sj, ^pi) where the state ipi is a dj-form for all i. Such a formula allows to describe 
the irreducible representations and the fusion rules of any feee wreath product, not necessarily one 
with a d-form. 

The description of the intertwiners is also used to prove some stability properties of the free wreath 
product with a d-form in section 6. Firstly, we show that the relation of monoidal equivalence between 
two compact quantum group is preserved by the free wreath product operation. More precisely, if 
Gi -man G 2 and G““*(5,t/>) G‘^^\B',f) then Gi A G““‘(B,V^) Ga h G““*(S', V-')- A 

second result concerns the fusion semiring of the free wreath product G A G^'^^{B,'ip); we prove that 
it is completely determined by the fusion semiring of G. 

We analyse some properties of the associated operator algebras in section 7. Namely, it will be proved 
by using some results from [DCFY14] that the dual of G A G““*(i?,'0) has the central ACPAP if 
G has the central ACPAP; it follows that in this case the corresponding von Neumann algebra has 
the Haagerup property. Similarly, a result from |VVn7| allows us to show that the exactness of G 
implies the exactness of the dual of G A G““*(i?,'0)- If ’4’ is moreover a trace, we can generalize 
an argument of Lemeux |Leml4j , based on a result of Brannan [Bral3j and on the Powers method 
adapted by Banica [Ban97| . in order to show the simplicity and uniqueness of the trace for the 
reduced C*-algebra of G A G““*(i?, ip). 

In the last section, we hnally obtain the main result of this paper: we will show that the C*-algebra 
of the free wreath product G°''^^{B\'ip') A G°‘'^^ {B, ip) is isomorphic to a suitable explicit and very 
simple quotient of C'(G““*(B G B',ip ® ip'))- This generalizes the results of [BB071 IChalS] . 
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1 Preliminary results 

This first section contains important definitions and results which will be used throughout all the 
paper. In the first part, we recall the basic definitions of the theory of compact quantum groups 
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developed by Woronowicz in [Wor87[rWor91[rWor98j . Then, we introduce the language of noncrossing 
partitions and we present some known results about the quantum automorphism group of a finite 
dimensional C*-algebra endowed with a state. In particular, we recall the description discovered in 
[Pit 14] of the spaces of intertwiners by making use of noncrossing partitions instead of the original 
description |Ban99| in terms of Temperley-Lieb diagrams. First of all, we fix some notations. 

Notation 1. Given a Hilbert space H, we write C{H) the C*-algebra of bounded linear operators on 
H. The symbol (8) will be used to denote the tensor product of Hilbert spaces, the minimal tensor 
product of C*-algebras or the tensor product of von Neumann algebras, depending on the context. 
The symbol * denotes the maximal free product of unital C*-algebras and the symbol * denotes 
the free product of compact quantum groups ( [Wan95j ). We use the symbol * for the reduced free 

red 

product of unital C*-algebras and we usually make reference to the state in the notation. 

Given a unital C*-algebra A and elements v € C,{H) ^ A, w a C,{K) ® A, where H and K are finite 
dimensional Hilbert spaces, we dehne the vector space of intertwiners 

Hom(u,ui) = {T € C{H,K) \ (T (g) l)u = w{T ® 1)}. 

Note that if T € Hom(ri, u) and S € Hom(u,r(;) then ST € Hom(ri, tc). Also, if v,w are unitaries 
and T G Hom(u,t(;) then T* G Hom(t(;,u). We define the tensor product of such elements: 

V := V13W23 G C{H) ® C{K) ® A ~ £{H ® A) ® A, 

where we use the leg-numbering notation. Let (ej)j be an orthonormal basis of H with associated 
matrix units Cij G C{H) and u G C{H) ® A. We write u = ^ij G u-ij and we call Uij G A the 
coefficients of u. 

Given u = ^ij ^ '^ij £ G A, we define u = J2 ^tj G u*j G C{H) G A, where e^- are the matrix 

units associated to the dual basis (e*)j of the orthonormal basis (e*)* of H and H is the dual of H. 
Observe that the linear maps Su ■ C ^ H 0 H, z zQ and Su ■ C —>■ iL g) A, z 1 —>■ zfl, where 
14 = G) e* and 17 = O e* are isometries in Hom(l, u g) u) and Hom(l, u g) u) 

respectively, where 1 denotes the unit of A. Even starting with a unitary u, the element u is non 
necessarily invertible. However, the following well known remark will be useful to check that u is 
indeed invertible. 

Remark 1. For any unitary u G T-{H) g) A the element u is invertible whenever there exists a 
unitary v G T{K) 0 A, with K a Hilbert space such that dim(A) = dim(A) and a non-degenerat^ 
t G Hom(l,u 0 u). Indeed, if such v and t exist we may consider Q := {t* 0 id;^) o (idi^ 0 s„) G 
Hom(u,'u). Note that, for all ^ G A, one has Q*^* = dimtjj') ® id)(t(l)) hence Q* is surjective, 
since t is non-degenerate. Moreover, since dim(A) = dim(A), Q* G C{H,K) is invertible so Q also 
and we have u = {Q~^ 0 ^)v{Q 0 1), which implies that u is invertible, since v is unitary. 

There are several equivalent definitions of a Woronowicz’s compact quantum group. It can be 
defined, for example, as a pair G = (C'(G), A) where G(G) is a unital C*-algebra and A : G(G) —>■ 
C(G)0C'(G) a coassociative comultiplication such that A(C'(G))(C(G)01) and A(C'(G))(10C'(G)) 
are dense in C'(G) 0 C'(G). For our purpose we will adopt another definition. 

Definition 1.1. A compact quantum group G is a pair (C'(G),A), where C'(G) is a unital C*- 
algebra and A : C(G) —> G(G) 0 G(G) a ^-homomorphism together with a family of unitaries 
u" G C{Ha) 0 C'(G) for a G I, where Ha is a finite dimensional Hilbert space, such that: 

€ £,{C,K g) H) is non-degnerate if {(id g) G)(^(t)) : ^ £ H} = K. 
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• the *-subalgebra generated by the coefficients of rt", for a E /, is dense in C'(G); 

• (id 0 A)(rt“) = (rt")i 2 ('w“)i 3 for all a E /; 

• is invertible for all a E /. 

A (finite dimensional and unitary) representation of the compact quantum group (C'(G),A) is a 
unitary v E C{H) 0 ^(G), where H is a finite dimensional Hilbert space, such that (id 0 A)(u) = 
U 12 U 13 . Two representations v and w are called (unitarily) equivalent if there exists a unitary in 
Hom(u, w) and a representation u is called irreducible if Hom(u, u) = Cid. We write the trivial 
representation of G, it is the unit of C'(G) viewed as a one-dimensional representation. 

We denote by Irr(G) the set of equivalence classes of the irreducible representations of G and, for 
all a E Irr(G), we choose a representative E C{Ha) 0 C'(G). The linear span of the coefficients 
of the u°‘ , for a E Irr(G), which is a unital dense *-subalgebra of C(G), will be denoted by Pol(G). 
In all the paper we will assume that G is given in its maximal form meaning that C'(G) is the 
enveloping C*-algebra of Pol(G). We will denote by h E C'(G)* the Haar state of G and by C'r(G) 
(resp. L°°(G)) the C*-algebra (resp. von Neumann algebra) generated by the GNS representation 
of h. 

It is known that for any representation u there exists a unique (up to equivalence) representation u 
such that Hom(l(G, M 0 u) 7 ^ {0} 7 ^ Hom(l(K, u 0 u). Such a representation is called the contragredient 
or conjugate of u. Actually the representation u is obtained by unitarizing the invertible element 
u E £(fI) 0 C'(G) defined previously. The contragredient representation is well defined at the level of 
Irr(G): for a E Irr(G), we write a the class of the contragredient of a. Let Sq, E Hom(l(Q, a0a) \ {0} 
and Ja '■ Ha Ha the invertible antilinear map defined by {Ja^,v) = (■So(l))^ 0^) for all ^ E Ha, 
T] E Ha- Define Ra '■= JaJa S ^(Ha)- We may and will always choose Sa and Sa normalized 
such that ||sa(l)|| = ||'Sa(l)|| and Ja = With such a normalization Ra is uniquely determined, 
Tr(/2„) = ||sq,( 1 )|| = Tr(i?“^), where Tr is the unique trace and C{Ha) such that Tr(l) =dim{Ha) 
and Ra = Ra^- The number Tr(iZQ,) is called the quantum dimension of a and is denoted dimg(a). 
A compact quantum group G is said to be of Kac type if the antilinear map Ja is anti-unitary for 
all a E Irr(G). In particular, this means that J* = therefore Ra = id for all a. This is also 
equivalent to dim(a) =dimg(a) for all a. 

Now, we recall some useful definitions and results from the category theory. In [Wor 88 ] . Woronowicz 
proved that the finite dimensional representations of a compact quantum group G form a rigid C*- 
tensor category denoted TZ{G) and called the representation category of G. More precisions on this 
notion can be found in |NT13j . 

Definition 1.2. A C*-tensor category ^ is called rigid if for any U E Oh{^) there exist C7 E Ob{’W) 
and two morphisms R E Hom(l, U 0 U), R E Hom(l, U ®U) such that 

{R* 0 id{/)(id ;7 ® R) = id[/ {R* 0 id^)(id^ ® R) = idj; 

The object U is called the conjugate of U and the conditions satisfied by R, R are the conjugate 
equations. 

Note that with the normalization explained above we have (s^0 id)(id 0 s^) = id for all a E Irr(G). 
This is why a 7^(G) is a rigid C*-tensor category. In the abstract context of rigid C*-tensor category 
the Probenius reciprocity still holds. 
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Theorem 1.3. Let U be an object of a C*-tensor category with conjugate U and let R, R be 
the morphisms solving the conjugate equations. Then, the linear application Hom{U 0 V, W) —>■ 
Homiy, U 0 W) given by T {idfy 0 T)(i? 0 idy) is an isomorphism. Similarly, we have HomiV 0 
U, W) ^ Hom{V, W^U) 

Another notion particularly important in this paper is that of monoidal equivalence. Two compact 
quantum groups G and El are called monoidally equivalent if their representations categories are 
unitarily monoidally equivalent i.e. if there exists unitary tensor functors F : TZ(G) —)■ TZ(M.) 
and G : 7^(BI) —7^(G) such that both FG and GF are naturally monoidally isomorphic to the 
identity functors and the natural isomorphisms FG ~ id and GF ~ id are unitary (see [NT13| 1. By 
restricting the unitary tensor functor F to the irreducible representations of G we get another, more 
concrete, equivalent definition. 

Definition 1.4 f |BDRV06j l. Let Gi and G 2 be two compact quantum groups. They are monoidally 
equivalent (written Gi ~mon G 2 ) if there exists a bijection (j) : Irr(Gi) —Irr(G 2 ), </>(1gi) = 1^2 
such that, for any /c, / € N and for any a,, /3j € Irr(G), l<i<k,l<j<l, there is an isomorphism 

(j) ; Hom(Gj(ai 0 ... 0 /3i 0 ... 0 /?;) —Hom(G 2 (</>(ai) 0 ... 0 </>(afc); 4>{Pi) 0 ••• 0 HPi)) such that: 


i) (/)(id) = id, 

ii) 4>ifGg) = (j){f)®(t){g), 

hi) yr) = yfy, 

iv) 4>{fg) = 4>{f)4>{g) for f,g composable morphisms. 

The proof of a monoidal equivalence between two compact quantum groups can be simplified by 
making use of the following proposition. 

Proposition 1.5. Let be two rigid C*-tensor categories, possibly non complete with respect to 
direct sums and subobjects. Let ^ be their completions. If F : —> IS! is a unitary monoidal 

equivalence between the two categories Ip and IS), then there exists a unitary monoidal equivalence 
F : Ip —> & which extends F. 

This is a standard result in category theory, we refer to |Bor94a[ IBor94bj for the proof and for further 
details. 

Since we will widely rely on the notion of noncrossing partition in what follows, we recall some 
standard definitions and notations. 

Definition 1.6. Let fe, / € N. Let p = Pi U P 2 LI... U Ft be a partition of the set = {1, ..., k + 1}. 
The subsets Pi, i = l,...,t are called the blocks of the partition. The partition p is said to be a 
noncrossing partition if, for every possible choice of elements ri < r 2 < rs < r 4 , rj € Ik+l such that 
ri and rs belong to the same block, then r 2 and r 4 belong to different blocks. As we fixed k and 
I, such a noncrossing partition p can be represented by a diagram with k upper points and I lower 
points constructed as follows; 

• consider two horizontal lines and draw k points on the upper one and I points on the lower one 

• number the k upper points from 1 to A: and from the left to the right 
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• number the I lower points from k + 1 to k +1 and from the right to the left 

• connect to each other the points in a same block of the partition by drawing strings in the 
part of the plane between the two lines 

From the non crossing condition, it follows that the strings which connect points of different blocks 
can be drawn in such a way that they do not intersect. We denote NC{k,l) the set of noncrossing 
partitions between k upper points and I lower points. The total number of blocks of p E NC{k, 1) is 
denoted b{p). 

We have three fundamental operations which allow to create new noncrossing partitions from existing 
ones. 

Definition 1.7. Let p E NC{k, 1) and q E NC(v, w). The tensor product p 0 g is the noncrossing 
partition obtained by horizontal concatenation of p and q. The The adjoint p* is the noncrossing 
partition corresponding to the diagram in NC{I, k) obtained by reflecting the diagram p with respect 
to an horizontal line between the two rows of points. If I = v, we define the composition qp as the 
diagram obtained by identifying the lower points of p with the upper points of q and by removing 
all the blocks made up of points of the central line only. We refer to such blocks as central blocks 
and their number is denoted cb{p,q). 

For our computations, we need to introduce also the non-standard notion of cycle. More precisions 
can be found in |Pitl4| . 

Definition 1.8. The composition operation between the noncrossing partitions p and q can create 
some (closed) cycles which will not be present in the final noncrossing partition. Heuristically, they 
are the closed surfaces which appear when two or more central points are connected both in the 
upper and in the lower noncrossing partition. In a more formal way, the number of cycles is 

cy{p, q) -=1 + b{qp) + cb{p, q) - b{p) - b{q) 

Example 1.9. In order to clarify the definitions and the notations above consider the following 
example with p E A^C'(1,3) and q E NC{3,2). 



We have 6(p) = b{q) = 2, b{qp) = 1 and cb{p,q) = 1. 

Then, the number of cycles is cy(p, g') = 3-|-l-|-l — 2 — 2 = 1. 

A particularly important notion used in this paper is that of quantum automorphism group. Before 
recalling its definition and some related results, let us introduce some notations. 

B will always denote a finite dimensional C*-algebra. We denote hy m : B 0 B —)• B the multi¬ 
plication on B and r] : C ^ B the unit of B. Since B is a hnite dimensional C*-algebra, it is of 
the form B = ®t=i Let ^ , T = 1,..., c} be a basis of matrix units and 

note that m(eL 0 ef^) = and and r/(l) = X)r=i YJi=i 
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In what follows, 'ip : B —> C will always denote a faithful state on B. Note that xp induces a scalar 
product on B defined by {x, y) := ip{y*x) for all x,y € B. This scalar product turns B into a Hilbert 
space. The state ip is called a 5-form if mm* = 5 • ids, where m* is the adjoint with respect to the 
scalar product induced by ip and (5 > 0. Recall that pj is of the form pj = Tr(Q'r') for a suitable 

family Qt € M„y(C), Qt > 0, = 1, where Tr is the unique trace of M„y(C) such that 

Tr(l) = ut- It is easy to check that p’ is a d-form if and only if Tr((5^^) = <5 for all T = 1,..., c. 

In what follows, we will always assume that the matrix units e^- are associated with a basis of 

which diagonalizes Qt- We will denote Qi^r the eigenvalue in position (i, i) of the matrix Qt written 

with respect to this fixed diagonalizing basis. Note that = "^^(Qt^Tj) = ^ijQi,T and the basis 

SS is then always orthogonal with respect to the scalar product induced by pj. By normalizing we 

1 —i 

obtain the orthonormal basis = {bfj\bfj = p>{ejj)~^ efj = Q-feJj, z,j = 1,... ,nT, T = 1,... ,c} 
which will be widely used in this paper. 

We recall below the definition of the quantum automorphism group of {B,pj) and show how to 
describe its intertwiners by means of noncrossing partitions. More details on the construction of this 
object and on its representation theory can be found in [Ban99[ IWan98[ IPitl4| . 

Definition 1 . 10 . The universal unital C*-algebra C'(G““*(H, V')) generated by the coefficients of 
u G jO{B) (g) C'(G““*(H, V’)) with the relations 

(i) u is unitary {ii) m G Hom(n®^,u) (in) rj G Hom(l,u), 

and endowed with the unique unital ^-homomorphism 

such that (id ® A)(u) = U 12 U 23 is the compact quantum automorphism group of {B,pj) and it is 
denoted by G““*(H,' 0 )- 

In order to describe the intertwiners of a quantum automorphism group by using noncrossing par¬ 
titions, we need to associate to each non-crossing partition a linear, as it was done in [Pitl4j . 

Let p G NC{k,l) and associate to each point an element of the basis Let •••) ^ 4 ^^) 

{bP^lsi^ be the elements associated to the upper and lower points respectively. Let ij and 

a be the multi-index notation for the different indices, in particular ij = ((ii, ji),..., (ffc, ja,)) and 
a = («!,..., afc); similarly we define rs and pi. 

Denote by b^,v = 1,..., m the blocks of p, and let b^ ( 6 ^) be the ordered product of the matrix units 
corresponding to the upper (lower) points of the block 6 ^. This product is assumed to be the identity 
matrix if there are no upper (lower) points in the block. Define 

m 

Sp'^iij,rs) := n '^{(biTbl) ( 1 . 1 ) 

V=1 

Definition 1.11. The linear map corresponding to p G NC{k, 1) is 

Tp : ^ bfy^ 0 ... (8) ^ ^ rs)b^,l,^ 0 ... 0 5^ ^ 

r,s,y 

The operations between noncrossing partitions introduced in Definition 11.71 are compatible with the 
corresponding operations between linear maps. 
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Proposition 1.12 f |Pitl4| '). Let p G NC{l,k) and q G NC{v,w). We have: 


1 ■ Tp^q — Tp®Tq 

2. T* = Tp* 

3. if k = V there are two possible cases: 

a. if tp is a (unital) 6-form, then Tqp = 

b. if is the (possibly non unital) 1-form 6p, then Tqp = p(l)~'*^P’‘^^TqTp 

The assertion (36) is not included in the formulation of this proposition presented in [Pitl4j . It can 
be proved with the same techniques used to show the assertion (3a). In this case, the correction 
coefficient depends on '0(1) because, in general, 0 is not unital, while the dependence on 6 disappears 
because it is a 1-form. 

The space of intertwiners between tensor products of the fundamental representation of the quantum 
automorphism group can be described as follows. 

Theorem 1.13 f |Pitl4| i. Let B be a n-dimensional C*-algebra, n > 4 and u be the fundamental 
representation o/G““*(i?,0). Then, for all k,l G N, Hom{u®^,u®^) = span{Tp\p G NC{k,l)}. 
Moreover, maps corresponding to distinct noncrossing partitions are linearly independent. 


2 Definition of the free wreath product 

In this section we define the main object of this paper: the free wreath product of a compact 
quantum group by the quantum automorphism group of a finite quantum graph. The definition is 
based on the same idea already used in the case of the dual of a discrete group (see [PiiTij i but it 
needs to be adapted to this new context. In the case of the free wreath product by the quantum 
automorphism group G““*(i?,0), we will describe the spaces of intertwiners by means of specially 
decorated noncrossing partitions. This will be fundamental in order to prove a monoidal equivalence 
result, from which the fusion rules and some other properties will be deduce. 

First of all we introduce the notion of finite quantum graph. We will then define the quantum 
automorphism group of such a quantum graph as a quotient of G““*(i?,0). 

Definition 2.1. Let be a finite dimensional C*-algebra endowed with a faithful state 0. Let 
d G C{B). The triple {B, 0, d) will be called a finite quantum graph. 

Example 2.2. When X is a classical finite graph, with say n-vertices, we get a finite quantum 
graph (C”', 0, d), where 0(x) = ^ii ^ = (®i) ■ ■ ■) ^n) € C”', and d G Mn{C) is the adjacency 
matrix. 

Proposition 2.3. Let {B,'p,d) be a finite quantum graph and C{B, p, d)) be the universal 
unital C*-algebra generated by the coefficients of Ud G C{B) (g) C'(G““*(i?, 0, d)), with relations 

(i) Ud is unitary (ii) m G Hom{u®‘^,Ud) {in) rj G Hom{l,Ud) (iv) d G End{ud). 

There exists a unique unital *-homomorphism 

Ad : C{G^^\B,p,d)) C(G““*(.B,0,d))0C(G““‘(S,0,d)) such that {id(S)Ad){ud) = {ud)i 2 {ud)i 3 - 

Moreover the pair (C'(G““*(S, 0, d)), A^) is a compact quantum group, called the quantum automor¬ 
phism group of the finite quantum graph {B,p,d) and it is denoted G““*(i?, 0, d). 
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Proof. The uniqueness of being obvious, let us show the existence. Let u € fj)) 

be the fundamental representation of G^'^^{B,ip) and Id C '0)) be the closed two sided 

*-ideal generated by the relation d G End(n) so that C {B, if, d)) = C{G°''^^{B,if))/Id- Let 

TTrf : C{G°''^^{B, if)) —)■ C{G‘^'^^{B,if))/Id be the canonical surjection so that Ud = (id 0 7rrf)(tt). 
Recall that (id^ 0 ^)iu) = ui 2 Ui 3 where u is the fundamental representation of G'^^^{B,if). Note 
that Id C ker((7rrf 0 TTd) o A) since we have the following equation 

{d 0 I®^)ni2ttl3 = Ul2id 0 1®^)U13 = Ul2Ul3{d 0 1®^). 

The inclusion above means that A factorizes to a map A^ such that A^ o vr^ = (vr^ 0 vr^) o A. It 
is then clear that A^ satisfies the required condition and that {C{G°''^^{B, if, d)), Ad) is a compact 
quantum group. □ 

Example 2.4. If {B,if,d) is the finite quantum graph associated to a classical finite graph X as in 
Example 12.21 then if, d) is the quantum automorphism group of X (see [BBn7[[Chal5] f . More 

generally, when A is a finite metric space and B = C{X), if{f) = T,xexfix) and d G M\x\{C) 
is the matrix defined by dij = d{i,j), where d is the metric on X, then G““*(B, if, d) is the quantum 
automorphism group of X defined in |Ban05| . 

Remark 2. Let Uk G C{IIk) 0 C'(G““*(B, V')) be a complete set of representative of Irr(G““*(B, V')) 
such that uq = 1 and u = uq ® ui. Let S : Hi —> B be the unique isometry, up to §^. Recall that 
the orthogonal projections r]Br]% and SS* satisfy riBd*B + and End(rt) = Cr]Br]% + CSS*. 

Hence, whenever d G span{riB'rfB,SS*}, we have G°‘'^^{B,if,d) = G““*(B,'(/’)• 

Remark 3. If d G C-{B) is normal, by writing d = J2i ^iPi f^ie spectral decomposition of d, where pi 
are the spectral projections, it is easy to check that the ideal generated by the relations d G End(ri) 
is equal to the ideal generated by the relations pi G End(tt) for all i. 

Proposition 2.5. Let Vd{k,l) C C{B®^,B®^) be the set of linear combinations of composable prod¬ 
ucts of maps of the form GmB G i(^^, i(^^ 0 0 i(^^, 0 r/s 0 i(^^, i(^^ 0 0 id^^, 

icfB^ 0 d 0 ic^^ and zd^^ 0 d* 0 zd^'" which are in C{B®^, B®^). Then, for all A:, / G N, we have 

Hom{uf,uf) = Vd{k,l). 

Proof. The first inclusion (D) easily follows by observing that all the maps which generate Vd{k,l) 
are morphisms by Definition 12.61 Eor the second inclusion (C) we need to use the Tannaka-Krein 
duality (see |Wor88 ] ). Let ^ be the category such that Ob(f^) = N and Hom(A:,/) = Vd{k,l). This 
category is essentially the category of the noncrossing partitions with some additional morphisms. It 
is then clear that is a concrete rigid monoidal C*-category. By the Tannaka-Krein duality we know 
that there exists a compact quantum group G = (C'(G), A) with fundamental representation v and 
such that Hom(z;®^, = Vd{k,l). Because of the universality of the Tannaka-Krein construction, 

from the inclusion already proved it follows that there is a surjective map (f : C{G) —G““*(B, if, d) 
such that (idB 0 <f)iv) = Ud. In order to complete the proof we have to show that the map is an 
isomorphism. This follows from the universality of the construction of G““*(B, z/;, d) after observing 
that the matrix v is unitary and that m G Hom(z;®^, u), rj G Hom(l,z;) and d G End(z;) because of 
the definition of Vd{k,l). □ 

We can now define the free wreath product of a compact quantum group by the quantum auto¬ 
morphism group of a finite quantum graph. Let G be a compact quantum group and {B,if,d) 
be a finite quantum graph. Recall that for each a G Irr(G), we have choosen a representative 
u" G C{Ha)GC{G). 
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Definition 2.6. Define C(G) *w C{B, tp, d)) to be the universal unital C*-algebra generated 
by the coefficients of a{a) S C{BGHa)'Si{C{G)*wC{G°''^^{B,'ip,d))), a G Irr(G), with the relations: 

• a{a) is unitary for any a € Irr(G). 

• Va, /?, 7 G Irr(G), \/S G Hom(Q! 0 jS, 7 ) 

m G 5 := (m 0 5) o E 23 G Hom(a(a) 0 a(/3), 0 ( 7 )) 

where 1123 : B 0 Ha 0-6 0 - 6/3 —^ 6 ®^ 0 {Ha 0 Hj^),x\ 0 X 2 0 X 3 0 X 4 1 -^ a:i 0 X 3 0 X 2 0 X 4 is 
the unitary map that exchanges the legs 2 and 3 in the tensor product. 

• 77 G Hom(l, a(l(K)), where 1 is the unity of C(G) C(G““^( 6 , ip, d)) and 1 (g denote the trivial 
representations of G. 

• d G End(a(lG)). 

Remark 4. When G = F is the dual of a discrete group F all the irreducible representations of F are 
one dimensional; therefore, the morphisms S can be ignored, since they are scalar multiples of idc 
and we recover the original definition of free wreath product C*-algebra from [Pit 14] , 

Proposition 2.7. There exists a unique *-homomorphism 

A : C(G) *u, C{G^^\B, iP, d)) (C(G) C(G““*( 6 , tp, d))) 0 (C(G) C(G““‘( 6 , iP, d))) 

such that, for any a G Irr{G), {id^A){a{a)) = a(a)(i 2 )fl(«)(i 3 ) • The pair (C'(G)*^C'(G““*( 6 , ip, d)). A) 
is a compact quantum group, called the free wreath product of G by G°‘'^^{B,ip,d) and denoted 
Gu G°‘^^{B,ip,d) or ^ ^^{G). For all a G Irr{G), a{a) is a representation of H'^^ ^ ^^{G), 

its contragredient representation is a{a) and dimq{a{a)) = dimq{a)'^rpTr{QT)Tr{Qf}). Moreover, 
H^^ ^ (G) is of Kac type if and only if G is of Kac type and ip is a trace. 

Proof. Since the coefficients of a{a) generate the C*-algebra A := C'(G) C{G°‘^^{B,ip,d)), the 

uniqueness of A is obvious. Let us show the existence. For a G Irr(G), define the unitary v{a) = 
®(®)( 12 )®(®)( 13 ) € C{BGHa)®{AGA). Let S G Hom(a 0 / 3 , 7 ). We need to show that (m0S)S23 G 
Hom(u(a)0u(/3), 77 ( 7 )) and to do so, we will view the a{a) as three legs objects in C{B)®C{Ha)®A. 
Since (m 0 S')S 23 G Hom(a(Q;) 0 a{j3),a{'^)) we have 


((m 0 5 )^ 23 ) 0 lA^A){v{a) 0 v{l3)) 


{{m 0 5)^23 0 lA®A)o(a)(125)«(a)(126)«(^)(345)«(^)(346) 
((m 0 5)^23 0 lA®A)o(a)(125)«(^)(345)«(a)(126)«(^)(346) 
«(7)(i23)(("i G 'S')S23 ® U®A)a(a)(i26)a(/3)(346) 
a(7)(i23)a(7)(i24)(("i ® 5')S23 0 Ia<S)a) 
v{'y){{m 0 S')S23 0 Ia®a)- 


Moreover, v{lGr] 0 Ia^a = a(lG)(i2)«(lG)(i3) (d G ^a®a) = r] G IagA and, 

{d 0 lA(g)A)^^(^G) = (d 0 lA(g)A)a(lG)(12)o(lG)(13) = a(lG)(12)(c^ G lA(g)A)a(lG)(13) = G 1®^). 

Hence, the existence of A follows from the universal property of the C*-algebra A. 
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Let us now check the conditions of Definition o for the pair (A, A). It is clear that the matrices 
a(a) are unitary and we just proved that the comultiplication A exists. What is left is to show 
that the a(a) are invertible. By Remark [T] it suffices to show that there exists a non-degenerate 
ta S Hom(l,a(a) iX)a(a)). Let Sa G Hom(l(E, a 0 a) and Sa G Hom(l(g, a 0 a) be the non-zero well- 
normalized intertwiners and define ta '■= (m 0 sL)* o r/ € Hom(l, a{a) 0 a{a)). Let us check that % 
is non-degenerate. Take an orthonormal basis (ef )j of Ha which diaganalizes Ra '■= Ja^a and write 
Rae.f = Xa,ief- Note that (e“)i is an orthonormal basis of Ha, where ef := {Xa,i)~^ Ja^f ■ Moreover, 
since (sa(l),ef0ep = (Jaef ,ep = {Xa,i)~^ {Jaef, Ja^^) = we find Sa,(l) = X]* \A^ef ® 

ef. Similarly we have Sq(1) = ® ef and note that dimq(a) = Xa,i = 

An easy computation gives %(!) = X)i(-^«,j)~^^ 23 (W'*(ls) ® ef 0ef). We consider the orthonormal 
basis R' = {bfj} of B = introduced in Section 1 and for which we obviously have 

Is = Y.T,iQlT^Ji and m*{bjj) = 'EkQkpIk ® It follows that = Y.T,i,k ® C 

b^i. 0 ef 0 bT, 0 ef. From the previous formulae it is clear that ta 


Q.i.T 


hence, fe(l) = 

is non-degenerate. This shows that {A, A) is a compact quantum group. 


Let us define ta ■= (m 0 s* )* o rj £ Hom(l,a(a) 0 a(a)). As before, an easy computation gives 

^ 0 ( 1 ) = J2i,j,k,T \l ® ^f ® b^j 0 ef. In particular, ta is non-zero. This shows that the 

contragredient of a{a) is, up to equivalence, a{a). Moreover, denoting by Ja{a) th® antilinear map 
B 0 Ha —)■ R 0 Ha associated to tQ(l) (and by Ja(«) the one associated with %(1)), we see from 

the formulas of t«(l) and %(1) that = Ja(a)- Moreover, since ||ta(l)|P = 'Ei,j,k,T = 

dimg(a) Yl,j,k,T — dimq(Q!) X]Td’r((5r)Tr((5f;^) = ||%(l)|p, it follows that our pair of intertwiners 
{ta,ta) is well-normalized. Hence, dimq(a(a)) = dimq(a) X]Tdf’(QT)Tr(Qf;^) and 


Ra{a){bjk ® ef) = 


^a,iQj,T 

Qk,T 




where R, 


a{(y.) 




Note that, since the algebra generated by the coefficients of the representations o(a), for a G Irr(G) 
is dense in A, it follows from the general theory that H^^ ^ (G) is of Kac type if and only if 
Ra{a) = id for all a € Irr(G). By the explicit formula for Ra(a)i d follows that ^ I® 

type if and only if = 1 for all a, T, i,j, k. It is then easy to deduce the last assertion of the 

Proposition. □ 


Remark 5. As observed in Remark [21 if d € End(M), where u is the fundamental representation of 
G““*(R, tp), the condition d G End(a(l(G)) in the definition of the free wreath product is a consequence 
of the previous ones. In this case the free wreath product by G will be denoted G U G““*(R,'0) or 
iL(^^)(G). In the following sections we will take into account only this case. The more general 
situation (with the endomorphism d is non trivial) will be considered only in the last section, where 
we will give a geometric justification of Definition 12.61 

Remark 6. The definition of the compact quantum group ^ implies that every irreducible 
representation can be obtained as a sub-representation of a suitable tensor product of the basic 
representations a{a), for a G Irr(G), and actually this remark was used in the proof of the Kac type 
assertion of the previous Proposition. 
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3 Spaces of intertwiners 


In this section we want to combine and generalize some results from |LT14j and from |Pitl4j , in order 
to describe the spaces of intertwiners of the free wreath product (G) by means of decorated 

noncrossing partitions. 

Definition 3.1. Let p S NC{k,l) and decorate from left to right the k upper points of p with the 
representations of the tuple a = (ai,...,afc) S Rep(G)*' and the I lower points with the represen¬ 
tations of the tuple [5 = (/3i, G Rep(G)^ Denote by v = I, ..,m the different blocks of p, 

let (resp. L^) be the upper (reps, lower) points of the block and let au^ (resp. be the 
tensor product, ordered from left to right, of the representations which decorate the upper (resp. 
lower) points of b^. By convention we define au^ = Ig (resp. = 1^) if b^ does not have upper 
point (resp. lower points). Similarly, let Hjj^ (resp. LIl„) be the tensor product, ordered from left 
to right, of the Hilbert spaces associated to these representations. Again, if by does not have upper 
point (resp. lower points) we set Hjj^ = C (resp. = C). 

The partition p is said to be well decorated if, for every block by, one has Hom(Q:; 7 „,/?[/„) {0}. We 

denote by NCG{ai, •••, ctk] Pi, A) the set of well decorated noncrossing partitions. 

Let p G NCiQ{ai,..., Uk', Pi, ■■■, Pi)- For each block by of p choose a non-zero morphism Sy G 
Y{om.{au„, Puy) and define S := Sy : the tensor product, ordered 

from left to right. Then, it is quite natural to consider the map 

m m 

Hu„ ^ R®' 0 (g) Hl„. 

V=1 V = 1 


To ultimately obtain an intertwiner in Hom(a(ai) 0 ... 0 a{ak),a{Pi) 0 ... 0 a{Pi)) we need to 
reorder the spaces. To do so, we define Sp^u : 0f=i(R 0 HaP —^ 0 and Sp^i : 

0 —)• B®^ 0 0()Li Hl-u as the applications which reorder the spaces associated to the 

upper and lower points of p respectively. 

Definition 3.2. The map in T(0f=i(R0L^oJ,0j'=i(R0R/3^.)) associated to a decorated noncross¬ 
ing partition p G AfC'(G(ai,..., Ofc; A) A) endowed with a morphism S G Hom(at/„, A„) is 

Tp^S := Sp,! o {Tp 0 S') o Sp^u 
The next result easily follows from Proposition 11.121 

Proposition 3.3. Let p G NC(Q{ai, ...,ak', Pi, Pp he a decorated noncrossing partition endowed 
with the morphism S G Hom{ai/^, Pl^)- Similarly, let q G NC(Q{a'i, ...,ap-, PP..., P'p) he a 

decorated noncrossing partition endowed with the morphism S' G 0((Li Bom{a'jj^, P'p^P. One has: 

1- Tp^q^S®S' = Tp,S 0 Tq^S' 

'^p,s ~ 

3. if I = k' and pi = a' for all i = l,...,k' there are two possibilities: 

a. if p is a (unital) 6-form, then Tqp^s'S = 

b. if p is a (possibly non unital) 1-form, then Tqp^s'S = Pp)~^^^’''^Tq^s'Tp^s■ 
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Proof. The first relation follows from 


h,s ' 




(■Sp,! ° (^P (8) S) O Sp^u) <8) {s~l ° (Tq 0 s') O Sq^u) 

i^pX ® o (Tp 0 S' 0 Tg 0 S') O {.Sp^u 0 .Sq^u) 

^^pX ® ® id) (id 0 (Ti 0 id) (Tp ® S ®Tq® 5") (id 0 0 id) 

(id 0 (T2 0 id)(Sp^f/ 0 Sq^jj) = O (Tp^q 0 S 0 S ) O Spf^q^U = Tp(^q^s®S' 1 


where ai and <72 are maps which reorder the spaces as necessary. In particular, ai : (S>i=i Hp. 0 
I zj —]_ . ofc zj .o, d«A:' V D«)fc'.o,ofc zj For the second relation we 


i=i Hji. and <72 : 0^=1 Ho. 


K TJ 

i = l 


observe that Tp g = {SpX°{Tp®S)oSp^u)* = SpX°{Tp®S*)osp^L = Sp*0°(^P* ®S*)oSp*^u = Tp*^s* 
The compatibility with the multiplication (case 3a) follows from 


TqS'Tp^S 


i^qX ° ® ° ° i^pX ° ^S)o Sp^u) = S^X ° (^9 ® ° (^P ®S)o Sp^U 

o {Tqp 0 S'S) o Sqp^u) = 


The proof of the case 3b is analogous. 


□ 


The following lemma is a linearity result concerning these morphisms. 

Lemma 3.4. Letp G iVC'(E(ai,..., a^; /3i, A) endowed with the morphisms S, S' G 0((Li Hom{au^, Pl^). 
For all X, p G C we have XTp^s + hTp,s' = Tp^xs+pS'- 


Proof. By applying the definition and by using the linearity of the different maps we have: 

XTp^s + hTp,S' = KspX ° (^P ® ‘S') o Sp^u) + hiSpX ° (^P ® “SO o Sp.G) 

= ^pX ° ® ° '®pT + ^pX ° ® ° SpT 

= ^pX ° ((^P ® ■^'S) ° '®pT + (^p ® hS') o Sp,c/) 

= o ((Tp 0 AS + Tp 0 pS') o Sp^u) 

= ^pX ° {(Tp® XS + pS') o Sp^u) = Tpps+pS'- 


□ 


Remark 7. The category with objects the free monoid M over Irr(G) and morphisms 

m 

Hom((ai,... ,aA:); (A, • • •, A) := span{Tp^s\p G NCG{ai, /3i,..., A),S' G (^Rom{au,, PlJ} 

V=1 

is a rigid C*-tensor category. The result follows easily from Proposition 13.31 and Lemma 13.41 In¬ 
deed, the tensor product is given by concatenation in the monoid: (ai,... ,ak) 0 (/?i ,..., fii) := 
(«!,...,afc,A)- The object 1 is given by the empty word 9 G M and the conjugate of 
(ai,..., afc) is given by (a^,..., ai). Actually, the pair {R,R) satisfying the conjugate equa¬ 
tions for the pair ((ai,..., a^), (a^,..., cEi)) is defined as follows. Let (S, S) be a pair satisfy¬ 
ing the conjugate equation for the pair u = ai 0 ... 0 and u = 0 ... 0 ai in the rigid 

C*-tensor category TZ{G). Hence, the partition p G NC{0,2k) with no upper points and all the 
lower points connected together is well decorated in either NCG{fI), ai 0 ... 0 0 ... 0 ai) or 

A^C'g( 0, afc0.. .0ai0ai0... a^) and we may define R := Tp^g G Hom(l, (ai,..., ak)®ioik ,..., cii)) 
and R := ^ G Hom(l, (a^,... ,ai) 0 (ai,.. .,ak)). 
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Theorem 3.5. Let B be a n-dimensional C*-algebra (n > A) endowed with a 5-form if and G a 
compact quantum group. Consider the free wreath product ^)(*^) with basic representations a{a), 
where a € Irr{G). Then, for all k,l G'N 

a(ai), 0j=i a(/3j)) = 

span{Tp^s\p G NC^iai, fdi, .■.,l3i),S € Hom{au„, h„)} 


pj-t and the space of the noncrossing partitions 


with the convention that, ifk = 0, 0^=]^ a(ai) = 1 

is NCQ{(t>;^''j^ia{l3j)), i.e. it does not have upper points. Similarly, if 1 = 0. 
Moreover, its dimension is given &|/EpG7VCG(ai,...,afc;/3i,...,ft) dimifoTO(ac/„,/3L^ 


Proof. In order to prove the inclusion D, we have to show that every linear map Tp^s obtained 
from a decorated noncrossing partition p endowed with a suitable morphism S is an intertwiner of 
^)(G). In particular, we will prove that every Tp^s can be decomposed as a linear combination of 

tensor products, compositions and adjoints of the basic morphisms m® S, rj and id. From Theorem 
11.131 we know that such a decomposition at the level of the noncrossing partitions exists. The more 
difficult point here is to decorate every block of the decomposition with irreducible representations 
and to associate the right morphisms such that, if we compose all the diagrams, we obtain the 
original map. By Frobenius reciprocity fTheorem 11.31) we have 


k I 

Hom((^ a{ai), a(^j)) = Hom(l, a{f5i) (g) ... (g) a{/3i) (g) a(dfc) (g)... 0 a(Q:i)). 

i=l j=i 

Moreover, by applying the Frobenius reciprocity to the rigid C*-tensor category we get 

Hom((ai,...,afc), (/3i,..., A)) = Hom(0, (/3i,dfc, ...,di)). 

It follows that it is enough to prove the inclusion for k = 0. Moreover, we can restrict ourselves to 
prove the result in the case of a one-block non crossing partition, because the map associated to any 
decorated noncrossing partition in iVC'G(0, (/3i,..., A)) can easily be obtained through compositions 
and tensor products of the maps associated to one-block noncrossing partitions and of the identity 
map. Let p € iVC'G(0;/3i,..., A); ^(p) = 1 be a decorated noncrossing partition endowed with the 
morphism S and consider the map Tp^s- The condition b{p) = 1 implies that S G Hom(lG,0j-^^ A) 
and the diagram we have to consider is as follows. 


Pi = 

i 

/3i /32 A 

We will prove the result by induction on L If / = 0 the result is trivial, if / = 1 we obtain the map 
T] which is in Hom(l,a(lG)) by definition. If Z = 2, S' G Hom(lG,/3i 0 /32) and the diagram can be 
decomposed as follows. 


1g 


Pi a 
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Therefore Tp^^s = '^ 2 d,{'fn* ® S)rj € Hom(l, a(/3i) 0 a{j 32 )) because it can be seen as the composition 
of two intertwiners. Moreover, we observe that this situation is possible only if /32 = /3i. If / = 3 and 
the morphism associated to the noncrossing partition is 5 G Hom(l(Q, /3i ®/ 32 )) we have the following 
decomposition. 


1g 

1 

• • 


Pi P2 P3 

In order to complete the description of the decomposition, we need to associate a morphism to every 
noncrossing partition. The morphism of the noncrossing partition corresponding to rj is clearly 
idig, while the morphism of the lower block corresponding to the identity is id//^^. In order to 
define the remaining morphisms we recall the notation introduced in Definition 11.21 to denote the 
invariant vectors. Let R G Hom(l,,d 3 0 and R G Hom(l,/l 3 0 P 3 ) be the morphisms satisfying 
the conjugate equations. Then, the morphisms associated to the two blocks corresponding to m* 
are R G Hom(l, /I 3 0 Ps) and ® R*){S 0 ) G Hom(/ 33 , /3i 0 P 2 ) respectively. An easy 

computation allows us to verify that S = 0.R*)(5 0 idH^-^) 0 id/i-^^]i?. This means that 

Tp 3 ,S can be decomposed in term of some of the basic morphisms introduced in the definition of the 
free wreath product and therefore is in Hom(l,/3i 0 /32 0 Ps)- 

Now, we are ready for the inductive step. Let us suppose the inclusion true for a / = t > 3 and 
prove it for t + 1. As usual, let S G Hom(l, Pj) be the morphism associated to the noncrossing 
partition pt+i- The decomposition which we need to consider in this case is (with ctj C Pt+i ® Pt)'- 


[ 


r 

Pt+i 

A- 


1g 


Pt+i 


1 1 

Pt Pt+i 



Pi P2 Pt-i Pt 


Pt+i 


Now, we have to assign a suitable morphism to every noncrossing partition of the decomposition. 
As in the case Z = 3, we associate the identity map to the diagrams corresponding to rj and to id. 
The morphisms on the other blocks are less obvious and we need to introduce some notations. Let 
us denote Rt G_Hom(l,/3i 0 Pt), Rt G Hom(l,/3i 0 Pt), Rt+i G Hom(l,/3t+i 0 Pt+i) and Rt+i G 
Hom(l,/3i+i 0 Pt+i) two pair of invariant vectors satisfying the conjugate equations. For every 
at C Pt+i 0 Pt, we know that there is an isometry rt G Hom(aj,/3t+i 0 Pt) such that rtr* G 
End(/3t+i 0 Pt) is a projection and DD* = ' There are still three morphisms to assign; 
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they will be denoted Si^i, 82^1 and Prom the top to the bottom, they are the following ones. 
The morphism Si^i G Hom(l(E,/3t+i 0 /3t+i) is Rt+i- The morphism 82,1 € Hom(/3t+i,aj 0 /3t) is 
{r* 0 id-Hp )(idH 5 0 Rt)- Finally, the morphism 8 ^^i G Hom(aj,{^* =i/5i) is 

Pt Pt-\-l 

0 Rtiidup^ 0 RIj^i 0 idH^^))(5 0 

These are all morphisms because they are obtained through the operations of tensor product, com¬ 
position and adjoint from known morphisms. Moreover, by making use of the Frobenius reciprocity 
and of the inductive hypothesis, we know that the linear map in £(i? 0 Ho^, 0 Hpj)) asso¬ 

ciated to the noncrossing partition endowed with the morphism 8 ^^i is in Hom(a(ai), 0*“^ a(/3j)). 
The fact that the linear maps corresponding to the other decorated noncrossing partitions are inter¬ 
twiners follows from the definition of free wreath product. An easy computation allows us to verify 
that ® )(*S' 2 ,i 0 id/f^^^^ = 8 , therefore, by making use of Lemma [HID and of 

Proposition [231 we have that rpt+ 1,5 G Hom(l, a(/3j)) as it is possible to write as a 

linear combination of compositions, adjoints and tensor products of intertwiners. 

For the second inclusion (C), we apply the Tannaka-Krein duality to the concrete rigid monoidal 
C*-category Then, there exists a compact quantum group G = ((7(6), A) such that (7(G) 

is generated by the coefficients of a family of finite dimensional unitary representations a(aj)' and 
Hom(0jL]^ a(a!i)', a(/3j)') = span{Tp\p NC^{ai, ...,ak', f3i,Pi)}. Moreover, because of the 

universality of the Tannaka-Krein construction, from the inclusion already proved we can deduce that 
there is a surjective map cj) : (7(G) —> Lr)^^^(G) such that (id 0 (/>)(a(a)') = a{a), for all a G Irr(G). 
In order to complete the proof, we have to show that this map is an isomorphism. The existence of the 
inverse morphism follows from the universality of the free wreath product construction. It is enough 
to observe that the unitary representations a(a)' are such that m 0 5 G Hom(a(a)' 0 a(/3)', a(j}') 
for any 8 G Hom(a 0 P,j) and p G Hom(l, a(l(G)') because the maps m 0 5 and p correspond to 
well decorated noncrossing partitions. 

Since the maps Tp associated to distinct noncrossing partitions in NC{k,l) are linearly independent 
(see Theorem 11.131) . the dimension formula follows. □ 

Remark 8 . The description of the space of intertwiners does not depend on considering a unital 
(5-form ip or the associated non-unital 1-form V’- In order to prove the monoidal equivalence result 
in the next Section it will be necessary to consider the non-unital 1-form xp. 

Remark 9. As in the case of the dual of a discrete group (see |Pitl4j l. we can compute the Haar 
measure of some particular elements. Consider the free wreath product Ll)^^^(G), where V’ is a 
(5-form, and let x(n(i-G)) := (Tr 0 id)(a(l(E)) be the character of the representation a(l(K). We 
easily observe that x(n(lG)) is self-adjoint. Now, we want to compute the moments /i(x(a(lG))^); 
let pk be the orthogonal projection onto the fixed points space Hom{\,a{liQ)®^). Thanks to some 
classic results of Woronowicz (see [Wor 88 | j we have h(x(a(lG))^) = /i((Tr 0 id)(a(lG))*^) = Tr((id 0 
h){a{lG)®^)) = Tr(pfc) = dim(i7om(l, 0 ( 1 ^)®^)) = ipNC{0,k) = Ck where Ck are the Catalan 
numbers. They are the moments of the free Poisson law of parameter 1 which is then the spectral 
measure of x(a(lG))- 


4 Monoidal equivalence 

In this section, we obtain a useful monoidal equivalence result for the free wreath product ^)(^)- 
An analogous result has been proved in [LT141 Theorem 5.11], in the particular case of the free wreath 
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product of a compact matrix quantum group of Kac type by the quantum symmetric group. We will 
show that it can be extended to our more general context. The monoidal equivalence will allow us 
to reconstruct the representation theory of (G) and to prove some properties of the operator 

algebras associated to the free wreath product. 

By doing some minor changes and remarks, the proof of [LT141 Theorem 5.11] also works in our 
more general situation. Hence, we will only sketch the proof of the following theorem, pointing out 
the critical passages in the adaptation to our context. Recall that the symbol * denotes the maximal 
free product of unital C*-algebras and * denotes the free product of compact quantum groups. 


Theorem 4.1. Let be a finite dimensional C*-algebra, dim{B) > 4, endowed with a possibly 

non-unital 1-form Let Q < q < 1 he such that q + q~^ = \JLet G be a compact quantum 
group and consider the free wreath product Gi* G““*(R ,Let H be the compact quantum subgroup 
of G*SUq{2) given by 


C(e) =< bijabki I l<ij,k,l <2,ae C(G) >C C{G) * C{SUq{2)) 


More precisely 




^ ] bix^{^\fiks G bj^ja(^2)^si ^ G(IHI) 0 G(IHI) 

r,s,v 


where b = {bifiij is the generating matrix of SUq{2) and AG(a) 
Then 




Ea(i) Ga( 2 ). 


Proof. The first remark is about the existence of a g S (0,1] such that q + q ^ An easy 

computation shows that q + q~^ : ( 0 , 1 ] —> [ 2 , oo) is a bijection, therefore the monoidal equivalence 
makes sense only if '(/’(I) ^ 4. We recall that if : B —)■ C is a 1-form so it can be rewritten as 
ip{-) = for a suitable family of positive diagonal matrices Qx such that Tr{Q'f^) = 1 

for every A. With this in mind, the condition ^{1) > 4 is a consequence of the following arithmetic 
lemma, which follows from the inequality between the harmonic mean and the arithmetic mean. 

Lemma 4.2. Let {xi)i=i^,,,^n,Xi > 0 and n > 2 be a family of positive real numbers such that 
Ta=i Xi<l. Then Er=i > 4- 


The proof of the monoidal equivalence is based on the construction of an explicit isomorphism 
between the intertwining spaces. In this first phase, we will take into account intertwiners between 
the tensor products of the representations which generate the compact quantum groups; only in a 
second time, this isomorphism will be extended to intertwiners between tensor products of all the 
irreducible representations. Consider the family of representations of El given by s(q:) := 60 a 06 , a G 
Irr(G). By using the description of the irreducible representations of a free product given by Wang 
in |Wan95j . we have that {s(Q!)|a € Irr(G),a 7 ^ 1^} C Irr(]HI). Moreover, we observe that, for any 
fi G Irr(]HI), there exists a finite family a G Irr(G) such that fi C 'S(ai) because 

the coefficients of the representations s(a) are dense in (7(1111). Let us denote cf the map such that 
4>{s(a)) := a(a), 0(1h) = 1?/+ rrv Then, it is possible to define an isomorphism 


Hom((^ s{ai),(^ s{/3j)) —Hom((^ 


a[ai 


)a{l3j)) 


i=l 


J=1 


i=l 




18 








which satisfies the properties of a monoidal equivalence. The core idea in order to define this map 
is to find a good description of the two spaces of intertwiners. The spaces on the right have been 
described in terms of decorated noncrossing partitions in Theorem Kf.51 

The intertwiners of H can be described by means of semi-decorated noncrossing partitions in 
NC{3k,3l) such that, when numbering each line of points from the left to the right, the points 
with a number equal to 0 or 2 modulo 3 form a Temperley-Lieb diagram in TL{2k, 21) and the re¬ 
maining points form a decorated noncrossing partition in NC{{ai, ...,ak), (/3i, •••, A)) endowed with 
a morphism S. This presentation can be proved by recalling that the intertwiners of SUq{2) can be 
described in terms of Temperley-Lieb diagrams (such that the coefficient q + q~^ is introduced for 
every central block removed during the composition operation) and by knowing the description of 
the intertwiners of a free product of two compact quantum groups in terms of the intertwiners of 
the factors (see Proposition 2.15 in [Lem 14] and observe that the result is true for every compact 
quantum groups, even if it is stated only for compact matrix quantum groups). 

Now, in order to describe the map (j), we recall that there is an isomorphism 

p : TLx{2k, 21) — NC^^ik, 1), x G M"'' 

which satisfies all the compatibility properties of Definition 11.41 (but at the level of the diagrams). 
The subscripts x and mean that when composing two diagrams, the final diagram is multiplied by 
a coefficient x or x^ for every central block appeared. More precisely, p acts by associating to each 
Temperley-Lieb diagram the noncrossing partition obtained by identifying the pairs of consecutive 
points and by multiplying this partition by a suitable coefficient (which depends on the diagram). 
This coefficient is crucial to assure the compatibility with the multiplication given by /^(AD) = 
p{t 2 ) ° p{ti) for ti,t 2 composable Temperley-Lieb diagrams. 

The map (f) is then defined by sending every special diagram described above to the noncrossing 
partition obtained after applying the map p to the Temperley-Lieb diagram and decorating the 
points with the ai,j5j. Finally, this noncrossing partition is endowed with the map S (actually, 
some twist operations can be necessary, but for simplicity we keep the same notation). In this case, 
the subscript x, introduced in the definition of p, has to be chosen equal to the coefficient 

corresponding to central blocks for SUq{2). 

Then, every central block appeared when composing the associated noncrossing partitions, will 
correspond to {q + q~^)‘^ and this factor is by hypothesis equal to ^(1), the coefficient corresponding 
to central blocks for Thanks to this choice, it is possible to verify that (j) is a well defined 

isomorphism and satisfies all the properties of Definition 11.41 

We observe that, in order to use the isomorphism p, it has been crucial the dependence on the 
number of central blocks (instead of on the number of cycles) of the coefficient possibly appeared 
when composing two noncrossing partitions. This explains the use of A instead of A- 

To complete the proof, it is enough to observe that the map (p is an equivalence between the categories 
containing the tensor products of the generating representations of the two compact quantum groups 
and that there is a correspondence between these generators. By applying Proposition 11.51 we can 
extend (f> to an equivalence (p between the completions of the two categories with respect to direct 
sums and sub-objects and the monoidal equivalence is proved. □ 


5 Irreducible representations and fusion rules 

In this section, we find the irreducible representations and describe the fusion rules of the free wreath 
product GU G'^'^*'{B,'ip). The next result follows from Theorem 13.51 and is a generalisation of |LT14l 
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Cor 3.9]. 


Proposition 5.1. Let B be a finite dimensional C*-algebra, dim{B) > 4, endowed with a 6-form 
Let G be a eompaet quantum group. The basic representations a{a), a € Irr{G) of ^.^{G) are 
irreducible and pairwise non-equivalent if a 1^- The representation a(l(G) can he decomposed as 
lu+ © ri^, where ri^ is irreducible and non-equivalent to any a(a),a 9 ^ Ij;. 




Proof. Let a,l3 € Irr(G). There are only two possible decorated diagrams p G NCc{a, fi): 


a 


P 


a 

I 

p 


First assume that both a,P Itj. Then, the first diagram is not well decorated. If a = /3, since 
Hom(a, a) = Cid, it follows from Theorem 13.51 that dimHom(a(a), a(a)) = 1 and the irreducibility 
of a{a) is proved. If a 7 ^ /3, since dimHom(a,/3) = 0, the second diagram is not well decorated as 
well. Hence, dimHom(a(a),a(/3)) = 0. 

If a = /? = 1 g then both the first and the second diagrams are well decorated. Moreover, 
since Hom(lG', Ic) = C, it follows that dimHom(a(l(G), a(l(G)) = 2 , so the linear independence 
of the intertwiners associated to distinct noncrossing partitions together with the remark that 
dimHom(lfr+ ^(Ig)) = 1 (the multiples of g) give the decomposition a(l(G) — !«-+ (ir\ ©’’ir- 

Finally, If /? 7 ^ Ig then the first diagram is not well decorated and if a = 1®, the second diagram is 
not well decorated as well since Hom(a(lG), a(/3)) = 0 for all P 7 ^ 1^, which implies that ri^ 9 ^ a{P) 
for all P 7 ^ 1 g. □ 

Let us now describe the fusion semiring of 

Definition 5.2. Let M be the monoid whose elements are the words written by using the irreducible 
representations of G as letters. We dehne the following operations: 


- involution: (ai,..., a^) = (a^,..., ai) 

- concatenation: (oi,..., a*:), (A, •••, A) = (oi,..., Ofc,/3i,..., A) 

- fusion of two non-empty words: (oi, ...,ak).{Pi, ...^Pi) is the multiset composed by the words 
(ai,..., afc_i, 7 , /I 2 , ■■■,Pi) for all the possible 7 C Pi; the multiplicity of each word is given 
by dim(Hom( 7 , ©/3i)), i.e. by the multiplicity of the representation 7 in the tensor product 

ak G Pi. 

Theorem 5.3. Let B be a finite dimensional C*-algehra, dim{B) > 4, endowed with a 6-form fi. 
Let G be a compact quantum group. The classes of irreducible non-equivalent representations of 
iL^'^^)(G) can he indexed by the elements of the monoid M and denoted r^, x € M. The involution 
is given by r^ = Vx and the fusion rules are: 

VxGry = ru,v © X! 

x=u,t x=u^t y=t,v 

y=t,v 

wGu.v 
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Because of the monoidal equivalence proved in Theorem 14.11 it is enough to verify that these are the 
fusion rules of H and it has been done in [LT14] . Let us note that it is possible (and more elegant) 
to give a direct proof of the preceding theorem, without relying on the monoidal equivalence. 

Remark 10. If G is a matrix quantum group then ^)(*^) is again a matrix quantum group. More 
precisely, if ai,..., € Irr(G)\{lG'} generate the representation category of G then a(ai),..., a(a„) 

generate the representation category of iL(^^^(G). Indeed, since the algebra generated by the 
coefficients of the a{a), for a € Irr(G), is dense in C{H^^ it suffices to show that, for all 

a G Irr(G) \ {1 g}, a(a) is a subrepresentation of a tensor product of representations of the form 
a(ai), a(ai). Let a € Irr(G), a 7 ^ 1^, and write a C aG 0 ... 0 , where ii,. .. ,ii G {1, ... ,n} 

and £k € {—1,1} and := a if e = —1 or := a if e = 1. By making use of the fusion rules just 
found, we deduce that a{a) C G ... ® a(a^(). 

When the state is not a d-form, it is still possible to find the irreducible representations and the 
fusion rules. Indeed, we show in the next proposition how to reduce the general case to the case of a 
d-form by using a free product decomposition. Then, one may use the description of the irreducible 
representations and the fusion rules of a free product f |Wan95j i together with Theorem l5.3l to obtain 
the irreducible representation and the fusion rules for any given faithful state V’- This free product 
decomposition will also be useful to extend algebraic and analytical properties from the d-form case 
to the general case. 

Proposition 5.4. Let B = 07-=i Mnj.{C) be a finite dimensional C*-algebra andfi = 0t=i Tr{QT-) 
a state on B. Consider the decomposition B = 0f=i Bi obtained by summing up all the matrix spaces 
Mnj.{C) with a common value of Tr{Qf^) in a unique summand Bi and let 5i he the common value of 
Tr{Qff) on the summand Bi. Let xfi : Bi ^ C be the 6i-form defined by fii := Then 

there is a canonical isomorphism of compact quantum groups GlG““*(B,^/;) = {Bi,ijji). 

Proof. During the proof we use the notations M = C{H'^^^^{G)) and Ni = ^,^(G)) for 

1 < i < d. Let a{a) € C{B (g) Ha) ® M, a € Irr(G) be the family of generators of M and let 
a{a)i € C{Bi (g) Ha) ® Ni, a € Irr(G), be the family of generators of Ni, for 1 < i < d. Let m, rj 
be the multiplication and the unity of B and let nii, iji be the multiplication and the unity of Bi. 
Moreover, let Ui : Bi —?■ B be the inclusions: it is a family of isometries such that Vinf are pairwise 
orthogonal projections and Define the element v{a) € C{B (g) Ha) ® by 

v{a) = ^ ® < 2 ) id^^ 0 1 ) 

i 

We claim that there exists a unital ^-homomorphism T : M —> *i=iNi such that 

(idB(g,j 7 c ® ^)a(a) = v{a). 

By the universal property of the free wreath product, it suffices to check the following. 

1 . v{a) is unitary. 

2. m 0 5 € Hom(u(a) 0 v{f3),v{'y)) for any a, /?, 7 G Irr(G) and S G Hom(a 0 fi, 7 ). 

3. 7 G Hom(l, u(l)). 
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(1) . Since the Uiiy* are pairwise orthogonal we have = 0 ii i ^ k and = ids-. It follows that 

v{a)v{a)* = (8) id (g) l)a(a)i(r'* 0 id (8) l)(r'fc ® id (g) l)a(a)^(r'^ 0 id (8) 1) 

i,k 

= 0 id 0 l)a(a)ia(a)*(r'* 0 id 0 1) = ids 0 id 0 1. 

i 

Similarly, v{a)*v{a) = ids 0 id 0 1. 

(2) . Observe that u*m{ui 0 v^) = Sik^ijm and J2i ® ^i) = Using this, we find that the 

element {m® S ® l)v{a) 0 z;(/3) is equal to 

((m 0 5)^23 0 1) 0 id 0 z^fc 0 id 0 l)(a(a)j 0 a{j3)k){i'i 0 id 0 z/^ 0 id 0 1) 

i,k 

= ^((m(z/i 0 Vk) 0 S)Ti22, 0 l)(a(a)i 0 a{l3)k){i'i 0 id 0 z/^ 0 id 0 1) 
i,k 

= 0 id 0 l){{v*m{vi 0 Vk) ® 5')S23 0 l)(a(a)i 0 a(/3)fe)(z^* 0 id 0 z/^ 0 id 0 1) 

i,j,k 

= ^(z/j 0 id 0 l)((mi 0 5)^23 0 l)(a(a)i 0 a{/3)i){i'* 0 id 0 v* 0 id 0 1) 

i 

= 0 id 0 l)a( 7 )j((mj(z^* 0 v*) 0 S')S23 0 1) 

i 

= 0 id 0 l)a(7)i(z/* 0 id 0 1)((^ I'k'rrikii't 0 vl) 0 5')S23 0 1) 

i k 

= z;(7)((m 0 S')S23 0 !)• 

(3) . Observe that v*r] = r]i and = V- Hence, 

i;(l)(7 0l) = ^(z^j 0 l)a(l)i(z^* 0 1)(?7 0 1) = ^(z/i 0 l)a(l)i(?7i 0 1) 

i i 

= 0 l)(7j 0 1) = 7 0 1. 

i 

A simple verification allows us to show that this homomorphism intertwines the comultiplications. 
This ends the first part of the proof. 

In order to construct the inverse homomorphism we first note that, for all 1 < i < d, we have 
UiV* 0 id//^ € Hom(a(a), a(a)). Indeed, consider the morphism m 0 S' € Hom(a(a) 0 a(l(E), 0 ( 0 ;)), 
where S G Hom(a 0 lG,a) is the identity morphism, and observe that 

d 

Xa ■= {m S) o (m 1^1 S)* = mm* 0 id//^ O id^c G Hom(a(a), a(a)). 

i=l 

Since the projections z/jz/* 0 id/z^ G C{B 0 Ha) are pairwise orthogonal, sum up to 1 and the 5i are 
pairwise distinct it follows that the spectrum of Xa is {dj : 1 < z < d} and pi is the orthogonal 
projection on the eigenspace of Si. Since Hom(a(a), a(a)) C C{B 0 Ha) is a C*-subalgebra and 
Xa G Hom(a(a), a(a)), it follows that each spectral projection z/jZ^*0id/z^ of Xa is in Hom(a(a), a(a)). 

Now, for all 1 < z < d define v{a)i = {u* 0 id//^ 0 \)a{a){vi 0 id/z^ 0 1) G C{Bi 0 Ha) 0 M. We 
claim that, for all z, there exists a unital ^-homomorphism <I>j : W —^ M such that 

(idsiG/z,, 0 ^i)a{a)i = v{a)i. 

By the universality of the C*-algebra W it is enough to check that 
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1 . v(a)i is unitary 

2. (nii 0 S)T ,23 G Hom(u(a)j 0 v{l3)i,v{'y)i) for any a, j3,'y G Irr(G) and S G Hom(a 0 (3, 7 ) 

3. rji G Hom(l,u(l)i) 

(1) . We have 

v{a)iv{a)* = (r'* 0 id 0 l)a(a)(r'j 0 id 0 l)(r'* 0 id 0 l)a(Q;)*(r'j 0 id 0 1 ) 

= {v* 0 id 0 l)a{a){i'ii'* 0 id 0 l)a(a)*(r'i 0 id 0 1 ) 

= {u* 0 id 0 l)(r'ir'* 0 id 0 l)a(Q;)a(a)*(r'j 0 id 0 1 ) = ids- 0 id 0 1 . 

Similarly, v{a)*v{a)i = ids- 0 id 0 1. 

( 2 ) . Since 0 ui) we have: 

{uimi{u* 0 u*) 0 S)T ,23 = ® id)(m 0 S)T: 23 {viVi 0 id 0 ViV* 0 id) G Hom(a(a)i 0 a(/3)i, 0 ( 7 )^). 

Hence, the element {{mi 0 5)^23 0 l)v{a)i 0 v{j3)i is equal to 

{{rrii 0 S)T ,23 <2> ^)i^i 0 id 0 r'* 0 id 0 l)(a(a) 0 a{f3)){i'i 0 id 0 z/j 0 id 0 1) 

= 0 V*) 0 S')I;23 ® l)(a(a) 0 a{fi)){vi 0 id 0 0 id 0 1 ) 

= {v* 0 id 0 0 V*) 0 5)^23 0 l)(a(a) 0 a{(3)){vi 0 id 0 z^j 0 id 0 1 ) 

= {v* 0 id 0 l)a( 7 )((t'imj(z^* 0 z/*) 0 S')i ;23 ^ l)(z>i 0 id 0 z>j 0 id 0 1 ) 

= {v* 0 id 0 1 ) 0 ( 7 )((z/jmj(z^*z^j G z/*z/j) 0 S)T .23 ® 1 ) 

= {v* 0 id 0 l)a( 7 )(r'j 0 id 0 l)((mj 0 S')i;23 0 1 ) = v{'^)i{{mi 0 S')i;23 ® !)• 

(3) . Since Virji = {vii/*)ri G Hom(l,a(l)) we have: 

0 1 ) = (z/* 0 l)a(l)(z^i 0 l)(??j 0 1 ) = (z/*z/j 0 l){rii 0 1 ) = 0 1 . 

This completes the proof of the existence of the morphism <hj : W — ?> M, for all i. By the 

universal property of the maximal free product C*-algebra, there exists a unital ^-homomorphism 
—> M such that (ids. 0 //^ 0 dz)a(a)i = v{a)i for all i. It is easy to check that T and <1> 
are inverse to each other and intertwines the comultiplications. □ 


6 Stability properties of the free wreath product 

In this section, we present some stability results concerning the operation of free wreath product. 
More precisely, we prove that the free wreath product preserves the relation of monoidal equivalence 
and we find under which conditions two free wreath products have isomorphic fusion semiring. 

We start by recalling a result from [DRW 10] about the monoidal equivalence of quantum automor¬ 
phism groups. 

Theorem 6.1. Let if; be a 5 form on B and fj' he a 5' form on B'. Then ■0) and G““*(i?', tp') 

are monoidally equivalent if and only if 6 = 6'. 

We provide below a different proof (and we believe a simpler proof) of the first ”if” using the 
description of the intwerners in terms of non crossing partitions discovered in [Pit 14] . 
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Proof. Let u (resp. u') be the fundamental representation of (resp. jtp')). Let 

(f : : A; € N} —>■ : A; € N} be the bijection defined by for all A: G N. We 

use the same notation to denote, for every A:, Z G N, the map (p{Tp) = Tp, where Tp is the morphism in 
Hom{jaut (5 , 0 ) u®*) associated to a noncrossing partition p G NC{k, 1) and Tp is the morphism in 

Homjjaui^^/, 0 /)(m'®^, u'®^) associated to the same noncrossing partition p. As the Tp and the Tp are a 
basis of the respective spaces of intertwiners, (p can be extended by linearity to a linear isomorphism 

It is clear that ^(id) = id because p{T^...\) = where | • • • | is the noncrossing partition in NC{k, k) 
which connects each of the k upper points to the respective lower point. 

The second property which is required is the compatibility with the tensor product: p{P G Q) = 
p{P) G P{Q) for all P, Q morphisms. For P = Tp and Q = Tq we have p{Tp (g) Tq) = p{Tp^q) = 
'^P®q — — 4>{Tp) ® (p{Tq). The results holds for all the pairs P, Q of morphisms by linearity 

of p. 

The third property is the compatibility with respect to the adjoint: p{P*) = P{P)* for all morphisms 
P. If P = Tp we have p{T*) = p{Tp*) = Tp* = Tp* = p{Tp)*. The results holds for all morphisms P 
by linearity of p. 

The compatibility with the composition is a little more subtle and it is the part of the proof where 
the hypothesis 5 = 6' is used. We want to prove that p{S oR) = p{S) op(R) for all R, S composable 
morphisms. Suppose S = Tp and R = Tq, then we have p{Tp o Tq) = p{6^y^P’i^Tpq) = d^P^'^^Tpq = 
Tp o Tq = p{Tp) o p{Tq), where the second to last equality is true only because of the assumption 
6 = 5'. The results holds for all the pairs of composable morphisms by linearity of p. 

In order to complete the proof, we observe that p is an equivalence between the categories 

-r = {(n®^A: G N), (Hom(^i®^ u®'), k,l e N)} and = {(n'®^A; G N), (Hom(^^'®^ m'®^), k,l e N)}. 

Then, by applying Proposition 11.51 it is possible to extend p to an equivalence p between the 
completion of the two categories with respect to direct sums and sub-objects and the monoidal 
equivalence is proved. □ 

Using the same approach, we can prove the following result. 

Theorem 6.2. Let B (resp. B') he a finite dimensional C*-algebras of dimension at least 4 with a 
6 (resp. 6')-form p (resp. p'). If Gi and G 2 are monoidally equivalent and 6 = 6' then 
and ^,^( 62 ) are monoidally equivalent. 

Proof. Let p : Irr(Gi) —)• Irr(G 2 ) be the map which establishes the monoidal equivalence between 
Gi and G 2 . The proof is divided into two parts: firstly, we define the map $ (which satishes the prop¬ 
erties of the monoidal equivalence) on the basic representations which generate the two free wreath 
products and later on we will observe that we can extend 4> to all the irreducible representations. 
Let us denote by a{a),a G Irr(Gi) (resp. a'{fi),/3 G Irr(G 2 )) the basic representations of AA)^^j(Gi) 
(resp. ,^,)(G 2 )). Let p : {a(a) : a G Irr(Gi) \ {!}} U {1} ^ {a'{/3) : /3 G Irr(G 2 ) \ {!}} U {1} 
be the bijection defined by <I>(a(a)) = a'{p{a)) and <h(l) = 1 . 

We use the same notation to define, for every ai,..., ak, fii,..., fii G Irr(Gi), the map 

^{Tp,s) = '^p,<i,(s) 
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where Tp^s is the morphism in Hom^+ 


. 0 a{ak),a{/3i) 0 ... 0 a{l3i)) associated to a 
noncrossing partition p G NCi[;^{ai, ...,ak] Pi, ■■■, Pi) decorated with an intertwiner S and is 

the morphism in Horn 

the same noncrossing partition p, decorated with the intertwiner ^{S). 


TT+ (a'((/>(ai)) 0 ... ®a'{4){ak)),a'{4){Pi)) 0 ... ®a'{p{Pi))) associated to 

(B',-,p'y 


Recall that the morphisms of type Tp^s and T'^ linearly span the respective spaces of intertwiners, 
the maps Tp (T^ associated to distinct noncrossing partitions are linearly independent, p is a, linear 
isomorphism and, by Lemma Id.41 the maps S i—>■ Tp^s and S '^p (j,(s) Haear. The map can 
then be extended by linearity to a linear isomorphism: 


Hom(a(a;i) 0 ... 0 a(Q!fc), a(/3i)0...0a(,di)) —)■ Hom(a'((/>(ai)) 0 ... 0 a'((/>(afc)), a'{p{Pi))^...i^a'{p{Pi))) 


Let us check that satisfies the conditions of Definition oi 

The first condition <l>(id) = id is clear because d>(T|...| = T|' | and </>(id) = id. 

The second property which is required is the compatibility with the tensor product: d>(P 0 Q) = 
d>(P) 0 d>((5) for all P,Q morphisms. If P = Tp^s and Q = Tq^n we have $(Tp,s 0 Tq^jp) = 

^{Tp(S)q,S(S)R) = '^p(S)q,4>(S®R) = '^p®q,<t>{S)^4>{R) = ® ^ ® ^{Tq,R)- The results 

holds for all the pairs P, Q of morphisms by linearity of <h. 

The third property is the compatibility with respect to the adjoint: <h(P*) = <h(P)* for all morphisms 
P. If P = Tp^s we have ^Tls) = = K*MS) = The results 

holds for all the morphisms P by linearity of d>. 

The last condition is the compatibility with respect to the composition: <I>(PoQ) = <h(P) o<h((5) for 
all composable morphisms P,Q. We observe that, because of Theorem 16.11 we have 5 = 5'. Now, 
suppose that P = Tp^s and Q = Tq^R. We have ^{Tp^soTq^R) = Hd^^^P^^i^Tqp^Rs) = = 

o o $(rg, 5 ). The results holds for all the pairs P, Q of 

composable morphisms by linearity of <I>. 

As in the proof of Theorem 16.11 we can observe that is an equivalence between the categories 
k k I 

^ = {((^ a{ai),ai G Irr(Gi), k G N), (Hom((^ 0 ( 0 *), a(A)), Oi, A G Irr(Gi) k, I G N)} 

2=1 2=1 j = l 


^ = {((S) £ Irr(G 2 ), k G N), (Hom((^ a'(ai), a'(Pi)), ai,Pi G Irr(G 2 ), k, I G N)} 

2=1 2=1 j = l 

By Proposition 11.51 we extend to an equivalence between the completion of the two categories 
with respect to the direct sums and the sub-objects which are the representation categories of 
^)(Gi) and ^,^(G 2 ) respectively. The extension $ is the required monoidal equivalence. □ 

Given a compact quantum group G, we denote by P'*“(G) its fusion semi-ring. 

Theorem 6.3. Let B, B' he two finite dimensional C*-algehras of dimension at least 4 endowed 
with the 6-form fi and the 6'-form fi' respectively and Gi, G 2 two compact quantum groups. If 
P+(G1) ^ P+(G 2 ) then P+(P+^^^(Gi)) ^ P+(P(+^,_^,)(G 2 )). 
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Proof. We recall that the irreducible representations of the free wreath product can be 

indexed by the elements of the monoid M, i.e. by the words written using as letters the irreducible 
representations of Gi. The monoid is endowed with the three operations of involution, concatenation 
and fusion introduced in Definition l5.2[ We will denote rx,x G M the irreducible representations. Let 
be the map given by ^{vx) = where for every word x = (ai, ..■,ak) € M, we define (j){x) := 

{4>{ai),(f){ak)). This definitions makes sense because an isomorphism of the fusion semirings like 
0, when restricted to Irr(Gi) is a bijection onto Irr(G 2 ). We observe that the map ‘h can be extended 
by additivity to 

Moreover, <1> is an isomorphism because (/) is a bijection and Irr(Gj) is a basis of R^{Gi), i = 1,2. 
Then, the proof reduces to show that, for all x, y € M, we have 


^{rx^Ty) = ^{rx) ^^{ry) (6.1) 

$(rT) = <P{rx) (6.2) 

For this verification it is necessary to state a preliminary result which assures the compatibility 
between the map (f> and the operations of the monoid M: more precisely, we have, for all u, u G M, 
(f{u,v) = {(p{u), 4>{v)), (p{u) = and 4>{u.v) = 4>{u).(l){v). Indeed, for u = {ai,...,ak) G M and 
V = (/3i,...,A) G M we have (j){u,v) = (/>((ai,..., a^,/3i,..., A)) = 4>{ ak), = 

{(j){u),(j){v)). Similarly (f{u) = ())((^, ...,^)) = = {4>{ak), ...,4>iai)) = 4>{u) and, 

(fiu.v) = (?i( 0 (ai,...,afc_i,7,/32,...,A)) 

■yCa^.'^Pl 

= 0 (<^(ai), •••,</>(afe-i),</>(7),'/>(/32), •••,^(A)) 


Let us prove equation 16.11 We have 


^{Tx ( 8 ) Ty) 




© ^ ^{Tu.v) 



x=u,t 

x=u^t x= 

-U,t 

X=U,t 



y=t,v 

y=t,v y= 

-t,V 

y=t,v 










v) ® 



© 

E 

4>{x)=<t>{u,t) 

4>{x)=4>{u,t) 

(j>(x)=<p{u),(j>(t) 

(l>(x)-- 




<l>{y)=<l>{t) ,Hu) 

<l>{y)-- 






</>(^^)7^0,(/)(^!)7^0 


-- ^{rx) G ^(Xj/). 






The relation [O is clear because $(ra,) = $(r^) = r^(x) = = r^(^x) = ^(j’x)- 


□ 


7 Algebraic and analytic properties 

In this section we apply the monoidal equivalence result proved in Theorem 14.11 and the free product 
decomposition proved in Proposition 15.41 to deduce some properties of the reduced C*-algebras and 
the von Neumann algebras associated to a free wreath product. 

Let us start we a remark about the free product decomposition of the reduced C*-algebras and the 
von Neumann algebras associated to a free wreath product. 
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Remark 11. By using the free product decomposition of Proposition 15.41 and a remark of Wang 
[Wan95] , we observe that the Haar measure of (G) is the free product of the Haar measures 

of its factors. Hence, the following isomorphisms hold: 

where h and hi are the Haar states on the respective C*-algebras and the second free product is the 
free product of von Neumann algebras. 

We can now prove some approximation properties. We refer to [DCFY14] for the definition of the 
central ACPAP. 

Proposition 7.1. Let B be a finite dimensional C*-algebra endowed with a state iIj. Let G be a 
discrete quantum group with the central ACPAP and consider the free wreath product H'^^^^{G). 

Suppose that, in the free product decomposition ^ ,^{G), we have dim(Hi) > 4 for all i. 

Then, the dual of ^^{G) has the central ACPAP. 

Proof. From [DCFY 1^ Proposition 24] the central ACPAP is preserved by the operation of free 
product so it is enough to prove the result when ■0 is a 5-form. In this case, the free wreath product 
is monoidally equivalent to a quantum subgroup of G*SUq{2), q G (0,1], by Theorem 14.11 Now, 
the dual of SUq{2),q G [—l,l],g 7 ^ 0 has the central ACPAP f [DCFY14l Theorem 25]) so the free 
product has the central ACPAP. This property is also preserved when passing to quantum subgroups 
f [DCFY141 Lemma 23]). Since the central ACPAP is preserved under monoidal equivalence the proof 
is complete. □ 

The Haagerup property is implied by the central ACPAP, therefore we have the following corollary. 

Corollary 7.2. Consider the assumptions and the notations of Proposition 17.11 Then, the von 
Neumann algebra (G)) has the Haagerup property and the W*-CCAP. 

Example 7.3. From [DCFY 14] . we know that the dual of SUq{2) with q G [—1,1], g 7 ^ 0 as well as 
the duals of the free unitary and orthogonal quantum groups U~^{F) and 0'^{F) with dim(F’) > 2, 
have the central ACPAP. It follows that, for any finite dimensional C*-algebra B, dim(H) > 4 
endowed with a 5-form ip, the von Neumann algebras ^^(t/+(F))), (0+(F))) 

and L°°{H~^^ ^.^{SLfq{2))) have the Haagerup property. 

Recall that a discrete quantum group G is said to be exact if its reduced C*-algebra Cr{G) is exact. 

Proposition 7.4. Let B be a finite dimensional C*-algebra endowed with a state ip. Let G be an 
exact discrete quantum group and consider the reduced C*-algebra ^^(G)) with free product 

decomposition * ^ CriHfr, , AG)). If dimlBi) > 4 for all i, then the dual of HG) is exact. 

redi=i 

Proof. Since exactness is preserved by reduced free products |Dyk04| , it is enough to show the result 
for the factors G U V’i)- Since exactness is conserved under monoidal equivalence [VVOTj . 

it suffices to prove the exactness of C'r(BI). This is a subalgebra of a free product whose factors are 
exact: G is exact by hypothesis and SUq{2) is exact as a consequence of its amenability. Exactness 
passes to subalgebras and free products so (^^(BI) is exact. □ 
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Example 7.5. Let B a finite dimensional C*-algebra, dim(i?) > 4, endowed with a (5-form Then, 
the dual of ^^{G) is exact for any classical compact group G. Moreover, SUq{2), q G (—1,1), 
g 7 ^ 0 is exact, so the dual of ^^{SUq{2)) is exact. In |VV07| it is proved that also 0~^{F), for 
dim(F) > 3 is exact; the exactness of the dual of {F)) follows. 

We now study the simplicity of the reduced C*-algebra and the uniqueness of the trace. 

Proposition 7.6. Let B be a finite dimensional C*-algebra endowed with a trace fi. Let G be a 
compact quantum group of Kac type. Consider the reduced C*-algebra Gr{H^^ ^.^{G)) and its free 
product decomposition Gr{Hfir^ . GG)). If there is either only one factor (i.e. is a 6-trace) 

redi=l 

and dim(i3) > 8 or there are two or more factors with dim(Sj) > 4 for all i, then Gr{H^^ ^^^{G)) is 
simple with unique trace. 

Proof. The techniques and the results used in [Pitl4| [Proposition 3.2] for the proof of the analogous 
result in the case of the dual of a discrete group can be applied also here. More precisely, if /c > 2, 
the proof is based on a proposition of Avitzour (see |Avi82[ Section 3]) stating that all the free 
product satisfying some basic conditions are simple with unique trace. In the other case, when the 
decomposition has only one factor, we can generalise the proof presented by Lemeux in |Leml4[ 
Theorem 3.5]. The assumption of Lemeux on the minimum number of irreducible representations of 
G can be removed by making use of a trick introduced by Wahl in [Wahl 4] . □ 


8 The free wreath product -0') -0, d) 

In this section we prove our free wreath product formula. First, we obtain some general results 
which will be fundamental for the proof of such a formula. Let us introduce some notations. 

Let be a finite dimensional C*-algebra endowed with a (5-form if. Let m and rj be the multiplication 
and unity on B respectively. Consider the free wreath product (G) of a compact quantum 

group G by the quantum automorphism group G““*(II,'(/’)■ Choose a complete set of irreducible 
representations Ua G L{Ha) (g) C'(G), a G Irr(G). We recall that C'(LI)^ ^^(G)) is generated by 
the coefficients of a family of unitary representations a{a),a G Irr(G) such that p G Hom(l,a(l)) 
and, for all a, (3,^ G Irr(G) and all S G Hom(rtQ, (g Ujs,Uj), we have a morphism a{S) := mG S = 
(m 0 5 ) o S23 G Hom(a(Q;) 0 a(/ 3 ), 0(7)). 

For any finite dimensional representation u G C{Hu) 0 C(G) we define an element a{u) G C{B 0 
Hu) 0 C{H^^ ^)(*^)) ™ following way. For all a G Irr(G) such that a <Z u,we choose a family of 
isometries Sa,k £ C,{Ha,Hu) such that Sa,k £ Hom(rtQ,?x), 1 <k < dim(Hom(ttQ,«)) and Sa,kSf^f. 
are pairwise orthogonal projections with Y)a,k Sa,kS)^ ^. = id//^. Hence, u = J2a,k{Sa,k 0 l)'i‘a(5'* ^ 0 
1). Define 


“(■“) = 0 Sa,k 0 l)a(Q;)(idB 0 S* f, 0 1) G £{B 0 Hu) 0 G{H^^^^^{G)) 

Observe that the definition is coherent with the original a{a). For every finite dimensional unitary 
representations of u, v and tc of G and every morphism S G Hom(u 0 v, w) define the linear map 
a{S) : B 0 Hu 0 H 0 Hy —>■ H 0 H^ by a{S) = (m^ 0 S)T, 23 . Observe that a{S) is coherent with 
the original definition, when u,v and w are in Irr(G). 
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Proposition 8.1. For all finite dimensional unitary representation u,v ofG and all S G Hom{u,v) 
the following holds. 


1. The definition of a{u) does not depend on the choice of the family of isometries Sa,k- 

2. a{u) is a unitary representation of ^^{G) on B G Hu- 

3. ids G S £ Hom{a{u),a{v)). 

4- If u 0 ^ V then a{u) ~ a{v). 

5. For all finite dimensional unitary representations w of G and all S G Hom{u G v,w), a{S) G 
Hom{a{u) G a{v),a{w)). Moreover, a{S)a{S)* = Sids G SS*. In particular, if S* is isometric 
then 6 ~ 2 a{S)* is isometric. 


Proof. (1). Let G C{IIg, Hu) be another family of isometries such that G Hom(tt^, rt), 1 < I < 
dim(Hom(u^, u)) and Tg^iT^ ^ are pairwise orthogonal projections with J2i3,i i = Observe 

that iSa^k € Hom(ttQ,, rt^). Therefore, there exists G C such that = ^a,i3^kd^Hup- Also 

note that Ek>^ki^g,k = Efc= Ea,kTliSa,kSf^k since = 0 for a 7 ^ /3. Hence, 


E \h C* _ f C Q* 

k'^kl‘^l3,k — ^13,1 \Ma,k^a,k‘Ja,k 


= Tpi. It follows that 


^(ids (g) ® l)a(a)(ids (g 8*^ ^ 1) = X! ® ® l)a(a)(ids g) S'* g) 1) 

ci,fc a,^,k,l 

= (ids g Tp^i5a,i3>^li 0 l)a(a)(ids g ^ g 1) = X! (i*^^ ® ® l)a(/3)(idB g Af;5^ ^ g 1) 

a,(3^k,l ^,k^l 

= ® l)a(/3)(ids g [Y^ki^l,^ g 1) = g g l)a(^)(idB g g 1). 

(3,1 \ k J i3,i 


(2) is obvious and (4) follows from (3). Let us prove (3). Write Tg^i G C{Hp, Hu) the chosen isometries 
such that Tp^i G Hom(u^,ti), 1 < / < dim(Hom(n_( 3 , u)) and Tg^iT^i are pairwise orthogonal projec¬ 
tions with Yl,g,iTj 3 ^iTp I = ids„- Observe that T^iSSa,k G Hom(nQ,M^). Hence there exists G C 
such that TliSSa,k = Also note that T.k>^liS%k = T^kT^^iSSp^kSp^k = T.a,kTliSSa,kSY 

since T^ ^SSa^k = 0 for a / /3. Hence, J2k ^ki^*p,k = (l^a,k ^a,kSf^k') = follows that 

(ids g S'g l)a(tt) = y^(l g SSg^k g l)a(«)(l g S'* j. g 1) 

a,k 


= (1 g TgjTliSSu,,k g l)a(a)(l g g 1) 

= Y (l'^i^/94'^c.,/3Afjgl)a(a)(lg5;fcgl) 

= 5](l®r^,zgl)a(^)(lgAf,5^,,gl) 

h,k,l 

= ^(1 0 0 l)a(/3)(l 0 (^ X^iSlk] g 1) 

P,l \ k / 

= a(u)(ids g S'g 1). 
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( 5 ). Consider the decompositions u = J 2 a,k{Ua,k C) l)ua{U* j^ (g) 1 ), n = ® ® 1 ) 

and w = C) l)u^{W*j 0 1 ). Then, with A = C(H^^^^j(G)), a(u)i3a(v)23 is equal to: 

(ids 0 Ua,k <S) idB 0 H^ 0 lA)a{a)i 3 (ids 0 U*^f, 0 ids 0 Vg,; 0 1 a)o(/3)23 G id^ 0 Vp^i 01^). 


We have a( 5 )(idB 0 l 7 a,fc 0 idB,g,H„) =mB 0 {S o {Ua,k 0 id//„))oS23 and, by using idj7„ = X) 
and id_H-,^ = J 2 ^7,i^7j7 

5 o 0 id^J = E ^7d {w;,j o S o 0 Vp^i)) Vh- 
Hence a( 5 )(idB 0 U^^k ® idsigiH^) is equal to: 


^ [tub 0 (w;j o s o 0 Vf3,i)) vi)] o S 23 

= '^{idB^W^j) niB ^ (w*j O s oUa,kGVi3^i^ (ids 0 ids 0 idn^ 0 Vg*;) o S 23 

= ^(ids 0 W 7 j) ruB ^ (W*j o S oUa,k'SiVi3^i'j S23(ids 0 id//^ 0 id^ 0 

= (ids 0 W^j)a{W*j oS o Ua,k G ^/ 3 ,z)(idB 0 id^, 0 ids 0 

0 ,1,ij 


where W* joSoUa,k'SiVi3^i € Hom(uct0U/3, u^). Hence, a{W*joSoUa,k^Vi3^i) G Hom(a(a) 0 a(/ 3 ), 0(7)) 
and, by using ( 3 ), we find Ta^i 3 ^^^k,i,j = {'^dB'S)W^j)a{W*joSoUa,kGVj3^i) G Hom(a(Q;)0a(/?),a('u;)). 
Hence, we find that (a( 5 ) 0 l^)(a(u)i3a(n)23) is equal to: 


Ea,0,p',i,k,i,i',j Ta,fS','y,k,i',j{^dB 0 ids„ 0 ids 0 V^, i,) 0 lAa(a)i3 

(ids 0 UY G ids 0 0 lA)a(/3)23(ids®//„ 0 ids 0 0 1 a) 

Since (ids 0 ids„ ids 0 V^, i, 0 lA)a(a)i3(ids 0 U* ). 0 ids 0 Vfl,; 0 1 a) is equal to: 

a(«)i3(ids 0 UY ® ids 0 ® 1 a) = 5/3,/3'^«,«'a(Q;)i3(ids 0 ® ids 0 ids^s l^l); 

we find that {a{S) 0 lA)(a('u)i 3 a(u) 23 ) is equal to: 

Y, {Ta,i3,'r,k,i,j 0 lA)a(a)i3(ids 0 G ids(gis^ 0 lA)a(^)23(ids(gi_H'u 0 ids 0 0 1 a) 

a,0,l,k,l„j 

= Y (i^a,/3,7,fc,/,i® U)a(a)i3a(^)23(ids0t^,)(,fc0ids0V)3*i0lA) 

a,0,l,k,l„j 

= Y “(^)(i^a,07,A:,/,i®U)(idB0t^a,fc0ids0Vs*i0lA)- 

a,0,l,k,l„j 

Hence, it suffices to check that a{S) = J2a,0,i,k,i„j Ta,^,'Y,k,i,j ° (ids C) 17 * ^ 0 ids i). This follows 
from the equation a(S')(ids 0 Uo,,k <8) ids(g]H„) = J2i3,-y,i,jY0,i,k,i,j(,^dB 0 ids,, 0 ids 0 Vg*/) for all 
a, k and the fact that ids^ = J2a,k Ua,kUa k- Finally, we have 

a{S)a{S)* = {niB 0 S)T, 23 Y 3 Y*b G S*) = {mBm^ 0 SS*) = (5ids 0 SS* 


□ 


Remark 12 . If we apply assertion ( 5 ) of Proposition 18.11 with w = uGv and S = ids„0i7„, we get a 
morphism Su,v G Hom(a(u) 0 a{v),a{u 0 v)). Hence, Tu^v = G Hom(a(u 0 v),a{u) 0 a{v)) 

is isometric so we always have a{u 0 n) C a{u) 0 a{v). 
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Theorem 8.2. Let B,B' be two finite dimensional C*-algebras, dimB,B' > 4, endowed with a 
5-form and a 5'-form fi>' respectively. Let {B,fi,d) be a finite quantum graph. There is a unital 
^-isomorphism of C*-algebras: 

C{G^'^\B®B',fi®fi'))/I ^ C(G““*(5',V'')) *v, C{G‘^^\B,fi,d)) 

where I C C'(G““*(i? 0 B'^tp ® fi')) is the closed two-sided *-ideal generated by the relations corre¬ 
sponding to the condition d 0 ^b'^b' ^ End{U) and U denotes the fundamental representation of 
(Qaut iSl B' , Ip G Ip') . 

Proof. We fix the notations M = C(G““*(i?0i?', ^/)0V’O) and = C{G°''^''{B','ip'))*wC{G°‘'^'{B,ip,d)). 
Let u € L{B') 0 C'(G““*(i?', V'')) be the fundamental representation of G’^'^'{B', fi'). Choose a com¬ 
plete set of representative of irreducible representations Un G L-{Hn) 0 C'(G““*(i?', t/;')) with uq = 1 
and u ~ no©ni. Dehne the unitary representation v G C{BGB')GN of G““*(-B', V'OLG““*(i?,'0, d) 
by u = a{u) = (ids 0 rjB' 0 lAr)a('Uo)(ids 0 0 Iw) + (ids 0 Si 0 lAr)a(iii)(idB 0 G Ijv), where 

Si € Hom(ui,M) is the unique isometry, up to such that 'rjB''h*B' SiSi are two orthogonal 
projections such that rjB'P^i + SiS^ = id^/. 

We claim that there exists a unital ^-homomorphism df : M ^ N such that (id 0 'I')(G) = v. By 
the universal property of the C*-algebra M, it suffices to check the following conditions. 

1- hB^B' G Hom(l,i;). 

2. mB®B’ G Hom(i;®^,u). 

Let us prove (1). Since rjB'r]*^/ and SiSJ" are orthogonal we have S^pB' = 0; it follows that (ids 0 
Sl)riB®B' = 0. Hence, v{r]B<^B' 0 lAf) = (*ds 0 Vb' 0 lAf)o('«o) ((ids 0 Vb') ° hB®B') 0 Iat)- Since 
(ids 0 'n*B') ° hB^B' ='nB ^ Hom(l, a(uo)) and (ids GiIb') ^Vb = Vb®b' we find 

v{riB®B' 0 Iw) = (ids 0 Vb' 0 lAf)a('Wo)(??s 0 Iw) = ((ids 0ilB') ° Vb) 0 Iw) = ??S(giS' 0 Iw- 

This proves (1). Let us prove (2). Observe that mB®B' = (mB 0 w.s ')^23 = ^{mB'), where 
ms' G Hom(u 0 u,u). It follows from Proposition 18.11 that mB®B' G Hom(u 0 u,u). 

Let TT : M —)■ M/I be the canonical quotient map. If we apply assertion (2) of Proposition 
[Q we have that d 0 Vb'Vb' ~ (i*^^ ® f?s')d(ids 0 V*b') G End(u) because ??s' G Hom(l,ri) and 
d € End(a(l(E)). It follows that the map T can be factorized through M/I. This means that there 
exists a unique map T : M/I —N such that v = (ids(gis' 0d>){U) = (ids^s' 0'L)(ids(giS' 07 r)([/). 

In order to construct the inverse homomorphism we first introduce some notations. All the following 
dehnitions are given, unless otherwise stated, for /c G N, fc > 1. Consider the unitary operator 
Sfc : (H 0 B')®^ —^ B®^ 0 B'®^, 0»=i(6i 0 h'/) ^ h 0 6 ', where h e B and 6 ' G B'. We 

observe that, with this new notation E 2 = S 23 . 

Let : B®^ —> B be the map which multiplies k elements of H; we set = ids by convention. 
We observe that this map is unique and well defined by the associativity of the multiplication. In 
particular, we have = m^. We claim that, for any k >2, m!'^\m^^)* = d^^^id^. The proof is 
by induction. If A: = 1, it is trivially true; if A: = 2, it is clear that = didg. Let us suppose 

the result true for k = I, i.e. mg^(mg^)* = d^“^ids. We have that = m^B{mB 0 idf^“^) by 

associativity. Hence, {mBm*B 0 id^^“^)(m®)* = 5m^j^{m^j^)* = dUd^. Then, 

the equality is true for A: = / -|- 1. This completes the proof. 
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Define the map ( 8 ) G (g) B’®^). Let Sk G Hom(itfc, be the 

unique isometry, uptoS^, and define the isometry Qfc = 5 ~T^o(\diB®Sk) G C{B®Hk,{B®B')®^) 
for k>l. For /c = 0, we define the isometry Qq = ids ® r/^/ G Hom(a(uo)) 

Finally, for A: > 1, consider the elements = {Q^. ® '^M)U®^{Qk ® 1m) e B{B ® Hk) ® M and, for 
k = 0, Af) = {Qq (g) 1m)U{Qo ® 1m) G B{B) (g) M. Denote by Ak = (id® 7r)(^fc) G C{B ® iL^) ® M/I 
the projections of the Ak,k £ N on the quotient. Let V = (id ® vr)(17) G C{B ® B') ® M/I be the 
projection of the fundamental representation U. 

We claim that there exists a unital ^-homomorphism : N — M/I such that (id® <h)(a(ttfc)) = Ak 
for all /c G N. By the universal property of the C*-algebra N it suffices to check the following. 

1 - ^o(^B ® 1 m) =13® 1 m- 

2. Ak G C{B ® Hk) ® M/I is unitary for all k > 0. 

3. For all /c, /, t G N and R G Hom(ufc ® ui,ut), (ms ® R)T ,23 G Hom(^fc ® Ai,At). 

4. d G End(^o)- 

Let us prove (1). Since rjB ® = rjB^B’ G Hom(l, U), we have 

^o(dB ® 1 m) = (ids ® ® lA4')^(ids ® ds'® lM)(dB ® 1 m) 

= (ids ® Vb' ® lM)t^(dB ® IB' ® 1 m) =riB® 'nB''nB' ®Im = VB ® 1 m- 

Let us prove (2). We have AkA/. = (Q^ ® lM)U®^{QkQk ® ^M){U^’^)*{Qk ® 1m)- Moreover, 
QoQl = ids ® riB'V*B' QiQl = ids ® = ids ® (ids' - iIb'IIb') = ids®B' - QoQo- By 

definition of I, we have V{QoQq ® 1m/i) = {QoQo ® 1m//) 1^ and, 

ViQiQl ® 1m/i) = ^^(1 - QoQl ® 1m/i) = (1 - QoQl ® Im/i)V = {QiQl ® 1 m //) 1 ^- 
It follows that, for A: = 0,1, 

AkAl = (Ql ® lM/i)V{QkQ*k ® lM/i)V*{Qk ® 1m/i) = {QlQkQl ® lM/i)VV*{Qk ® 1m/i) 

= {QkQkQkQk ® 1m//) = ids0Mfe ® 1 m/7- 

The proof of A^Ak = ids 0 Sfe ® 1 m// when A: = 0,1 is the same. 

In order to prove (2) when k >2 and to check (3) we need the following lemma. 

Lemma 8.3. For all k,l £ 'N, k,l > 1 and T £ C{B'®^,B'®^) we define the map 

fikAT) = ® T)T.k £ C{{B ® B')®\ {B ® B')®') 

Define fik '■= fik,k{i<^)- The following holds. 

(i) fik G End{V®^). 

(ii) For all T £ £(B'®^5'®0 and S £ C{B'®\B'®^) we have: 

• (l)i^t{S)(j)k,i{T) = S'-~^(j)k,t{^ °T), 

. fikAT)"^ = fiiAT"^)- 
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(in) 4 >k,k-i{i(iB^ <8* rnB' <8) = (pk-i o {i<^%B' ® '^b^b' ® € Hom{V®^, for all 

k >2 and all s,s' >0 such that s + s' + 2 = k. 

for all k >2 and all s > l,s' >0 such that s + s' + 1 = /c, 

• 4>k,k-i{'nB' ® idB(~^) = (^k-i o ((w-B ® Vb' ® idB')'^23 ® id^B^B') ^ Hom{V^^, for 

all k > 2 . 

(v) ^k,i{T) € Hom{V^^, V®^) for all T € Hom{u®^, u®^). 

Proof, (i). li k = 1 , (fi = E End(y). When k > 2 we prove the result by induction on k. 

li k = 2 , we have (j)2 = T,23{m*^mB ® id^?)S23. We want to prove that (j)2 E End(y®^). Define 
L = T,'^{{m^^^)*mB <8) id^' ® ?7 b' ® idB')S2. We claim that 

L = (ids^s/ (g) mB®B' ® idB<g,B')(^2("^B ® <S'riB')® ^2(^1% ® hB' ids'))- ( 8 - 1 ) 

Let us evaluate the two maps on the element bi 0 b'l 0 62 (g> &2 ^ B')®"^. The left hand side is: 

'^sHna^B^yniB 0 id^/ 0 r]B' 0 ids')S2(6i 0 b'l 0 62 <S) b'2) = 'E,'^{{m^^^)*mBibi 0 62) 0 6^ 0 1b' 0 b'2 

= 0 b'l 0 6 ( 1 ) 0 1 b' 0 6 ( 1 ) 0 62 . 

where we used the notation (m®)*ms(6i 0 62) = 5 ] 6 (^) 0 6f|) 0 6[|). The right hand side is: 

(idsigiB' 0 niB^B' 0 idB0B')(^2("iB 0 ids' 0 Vb') 0 ^2i''n*B 0 ^?B' 0 idB'))(^i 0 0 62 0 63) 

= (idB0B' 0 niB^B' 0 idB®B')(^2(”^B(^i) 0 0 1 b') 0 0 1b' 0 &2)) 

= (ids^B' 0 ruBi^B' 0 idB0B')(^^(i) 0 0 ^( 2 ) 0 ^b' 0 ^( 1 ) 0 1b' 0 ^( 2 ) 0 ^ 2 ) 

= (S 6 (^) 0 b'l 0 mB( 6 ( 2 ) 0 6 (^)) 0 1 ^/ 0 6 ( 2 ) 0 62 ). 

where we used the notation m*Q{bi) = E6(^) 0 &(2) for i = 1 , 2 . Note that the two elements of 

{B 0 B')®^ we obtained are equal if and only if = (ids 0 niB 0 idB)(m^ 0 m^). This 

can be verified by drawing the noncrossing partitions associated to the different maps and by using 
the compatibility with respect to the multiplication proved in Proposition 11.121 In both cases, the 
noncrossing partition obtained after the composition is 

TJ 

r+n 


It follows that relation 18.11 is verified. 

Define T = (niB 0 rj*^/ 0 idB/)S 23 and note that tub' o {rjB'VB' ® id^') = Vb' ® id^/. Hence, 

T = [tub 0 {niB' o {r]B'r]*B, 0 id^'))] 5123 = [("J-b 0 niB') o (ids 0 ids 0 r]B'r]*B, 0 id^'))] ^23 
= {niB 0 mB/)S23(ids 0 r]B'r]%, 0 ids 0 id^/) = niB^B' o ((Wb 0 flB'ViB') 0 idB^B')- 

By dehnition of I we have ids 0 rjB'rjg, E End(H) and since niB^B' G Hom(C/®^,[/) we deduce 
that T E End(H®^,I/). Similarly, if we define Z = (me 0 id^' 0 r(^,)S 23 then, by using the 
relation id^' 0 Vb' = '^B' ° (Wb' 0 Vb'Vb')’’ d’^d 0 = niB^B' ° (idB(g)B' 0 (idB 0 Vb'Vb'))- 
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Hence Z € Finally, note that L = (idsigj^/ ® ® ^^b®b'){Z* ®T*). Hence 

L G Hom(H®^, and since we have 

L*L = 0 ids'® ® id5/)S3S3((m^^)*mB ® id^/(g) ry|j/® idB/)S2 

= 0 idf?)S2 = ^^^ 2 , 

where we used that = J^id^, it follows that 4)2 G End(H®^). 

Now, let us prove that, if 4>k-i € End(F®*^“^), then cjik S End(E®^). We first claim that, for any 
A: > 2, the following holds 

(j)k = (id||,’J 0 42){4>k-i 0 idB®B')- (8-2) 

Let us evaluate this map on the general element 0f=i(6j 0 b[) € (H 0 We have: 

k 

(idle's/ ® 42){4k-l ® ® ^i)) 

i=l 

k 

(g>42mi-i{{m^B 'V^B '^0id|r')Sfc_i)0ids^B'](0(6i0 6')) 

i=l 

~ (^'^BigjB' ® S*(m|jmB 0 id®?)S2)(S^,(S 0 bg 0 0 6') 0 6, 0 6') 

i=l i=l 

k-2 k-2 

= S (g)(6g 0 b'i) 0 S^(m|jmB(6gi_i) 0 bk) 0 6fc_i ® ^ 0(6g 0 b'i) 0 0 0 ftg 0 6'^, 

i=l 

where we used the notations (m^ = ^0^“^^ 6g and m*^mB{h^4-i) ® = 

Sbg 0 bg. When we evaluate ^k according to its definition, we get 

® id®;=)S,((g)(6, 0 6')) = S(g)(6g 0 6^ 

i=l i=l 

where we used the notation {m^B^)*m^^\^^=^bi) = E0^^]^6g. The two elements obtained are 
equal if and only if 

= (idf*^“^ 0 0 Wb). 

This formula can be verified by considering the noncrossing partitions associated to the different 
maps and by applying Proposition 11.121 We have 


12 k-1 k 


T T_L 

:T T 

1 

2 

k — 1 k 






t_ 

T 

T T 






r“ 

“1 

I 1 




1 

2 

k — 1 k 


12 k-1 k 

This completes the proof of relation 18.21 and finishes the proof of (1) since it shows that the map 4>k 
can be obtained through tensor products and compositions of the maps idB(s,B', 4 ‘ 2 , 4 'k-i which are 
in End(E®^), by the induction hypothesis. 
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(a). The composition formula can be checked as follows 


my ® 




mi 


'r)Sfc 


ST)^k 


= ® ST)^k = ° T), 

where we used the relation = J^^^ide- The second formula follows from; 


cj^kAT)* = {nUm^ilTmf ®T)Y.ur = = 4>i,k{T*)- 




{in). The element (t)k-i o (idf^^/ <8) mB®B' ® is equal to; 

^ ® idgf^ ^)Sfc_i(idg^^, 0 mB(g,B/(8) id^^g/) 

= 0 idgj'“^)(idf'^ 0 ms 0 idf"^ 0 idff 0 mg' 0 idff )Sfc 

= Yy_i{{m^B 0 idg? 0 m^/0 idf? 

= </>fc,fc-i(id|? 0 mB' 0 id|f'), 


where the first equality follows from 

k 

Sfc-i(idg|g|^, 0 mB®B' 0 id^^g,)((^(6i 0 6j)) 


2 = 1 

s k 

= Sfc_i((g)( 6 i 0 6 ') ®"ib(&s+i 0 fts+ 2 ) 0 mB/( 6^+1 06 ^+ 2 ) ® 

2=1 2=5+3 

5 k s k 

= 06i 0 me (6s+i 065+2) 0 0 6* 0 0 6- 0 7715/(6+ 0 6^+2) ® 

2=1 2 = S + 3 2=1 2 = S + 3 

k 

= (id|^ 0 mB 0 id|^' 0 id|? 0 mg/ 0 id‘|?')Sfc((^(6i 0 6')), 

2=1 


and for the second equality we used the relation m^ ^^(idf^ ® mB ® id^^ ) = which is a 

consequence of associativity. Now, since mB®B' € Hom(C/®^,17) and (t)k-i G End(18®^“i) by the 
assertion {i) of this Lemma, it follows that (/>*;,fe-i(idf? 0 7775 / 0 idf? ) G Hom(E®^, 

(iv). We have 

+_i o (idf+j^ 0 (7775 0 ids/ 0 Vb')^23 <8) idf^g/) 

= Y.l_y{m^B~^^)*m^B~^^ 0 id|+^)Sfc_i(id®+j^ 0 (7775 0 id^/ 0 Vb')^23 <8) idijs/) 

= S+;^((777g“^^)*777^“^^ 0 idf+^)(idf^“^ 0 7775 0 idf"^ 0 idf? 0 +/ 0 idf? )Sfc 

= S+i((777^“^^)*777^^ 0 id|? 0 +/ 0 id|?')Sfc = (/)fc,fc-i(id|? 0 +/ 0 id|?'). 


As in the proof of assertion (in) the second equality can be checked by evalnating the two maps on 
an element of {B 0 B')®^ and the third follows from the associativity of 7775. 

If s = 0 and s' = k — 1 the formnla is slightly different bnt the compntations are analogons. We have 
4>k-i o {{mB 0 Vb' ® idB/)S23 0 id|^+) 

= S+i((777g-^V"iB“'^ ® id|+i)Sfc_i((m5 0 +, 0 id5/)S23 0 id|^+/) 

= S + ]^((777g~^^)*777g~^^ 0 idf+^)(7775 0 idf^“^ 0 +/ 0 idf+^)Sfc 
= S+i((777g-'V"i5^ ® V*B' 8) idi+')Sfc = +,fc_i(+, 0 id|+^). 
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Since in the proof of assertion (i) we showed that (ms 0 id^' ® r]'^,)T ,23 and {tub ® rj'^/ 0 ids')S 23 
are in Hom(i/®^, V) and (t)k-i € End(y®^“^) by (i), we conclude that 0fc,fc-i(ids? ® i1*b' ® ) is 

in 

(v). Thanks to Theorem 11.131 we know that the morphisms associated to the noncrossing partitions 
in NC{k,l) form a linear basis of Hom(n®^, u®*). Moreover, every morphism of such a basis can 
be seen as the composition of the morphisms id^f 0 tub' 0 id^f € Hom(tt®^+^ + 2 ^^(gis+s +i^ 
id^f 0 rjB' 0 id^f G Hom(ti®^+^^,and of their adjoints. This fact, together with the 
assertions (ii), (in) and (iv) of Lemma 18.31 implies that (j)k,i{T) G Hom(E®^,y®*) for all intertwiner 

r G Hom(«®^M®0- ' □ 

Now, we go back to the proof of (2), when k >2. We have: 

QkQl = o (ids 0 SkSl) o Tk = ^ SkS^J^k = d-^’^-^Uk,kiSkS*k). 

Since SkS^ G End(ti®*^); it follows that QkQk £ End(E®*^) by Lemma [531 (v)- It is now easy to 
check that Ak is unitary. 

Let us check (3). We have to prove that, for all A:, /, t G N and R G Hom(ttfc 0 ui,ut), {tub 0 R )^23 
is in Hom(ylfc 0 Ai,At). Since the Qs are isometries and QsQl G End(E®^), we have the following 
sequence of equivalent conditions. 

{{iriB 0 R)'^23 ® lM/7)(Qfc ® Q*i 0 '^M/l)V®^^\Qk ^M/l) = 

lM/7)(("iS 0 R)'^23 ® 1m//) 

{Qt 0 ® R)'R‘23 ® ^M/l){Qk ® Qt ® ^M/i)V<^^^^{QkQ*k 0 QiQt 0 Im/i) = 

{QtQt ® 0 lM/l){{mB 0 R)'^23 ® 'i-M/l)iQk ® <3* ® i-M//) 


{Qt 0 1a4'//)((^-B 0 R)^23 ^M/l){QkQkQk ® Q*QlQ* ® — 

y®^{QtQtQt ® ® R)y‘23 ® lM/l){Qk 


{Qt 0 R)'R‘23 ® '^M/l){Qk ® Q*l ® = 

y®^{Qt 0 lM//)(("iS ® i?)E23 0 '^M/l){Qk ® Q* ® liW//) 

Then, the original condition is equivalent to 


Qt{mB 0 R)^ 23 {Q*k ® Ql) e Hom(E®'=+', E®*). 


k+i+t—3 

Now, if we replace every Qi with its definition and write K := 5 2 ^ we get 

Qt{mB®R)^23{Ql®Q*i) = E:S*(mW*0id|()(ids0 5i)(ms0i?)S23o... 


icisDE/] 


... o [(ids 0 5'fc)(m^^ 0 idgf)Sfc 0 (ids 0 S{[){m'^ 

KT.l{riri-^* 0 St){mB 0 i?)S23(m^^ 0 m^ 0 0 Sf){T,k 0 S/) 

7LS*(m®* 0 5t)(ms 0 0 0 5^ 0 5r)S^(Sfc 0 S;) 

iLSt(mW*mg+') 0 5ii?(5fc* 0 S!))^3{^k ® E;) 

0 5ii?(5,* 0 St))^k+i = K(jtk+i,t{StR{S*k ® Sf)), 


where S 23 : is the map that exchanges and B®K It is 

easy to check that S 23 (Efc 0 S;) = T^k+i- I^i the third equality we used that mB{Tn'B ^^^s ) ~ 


36 





this is due to the associativity of the multiplication. Since St,Sk,Si and R are intertwiners of 
'0'), we have that StRiS^. 0 S*) € Hom(u®^ 0 u®*). We can then apply Lemma lOl lul 

and find that 4>k+i,t{StR{Sl. 0 Sf)) G Hom(l/®^+^, y®*). This completes the proof of (3). 

Let us prove (4). By using the same method used in the prove of (3), we have that d G End(^o) is 
equivalent to Q^dQ^ = d 0 G End(lL). This last condition ifollows from the definition of I. 

To conclude the proof we check that the morphisms T and $ are inverse to each other. We have: 


(id0$T)(E) 


(id 0 ‘h)(id 0 '^){U) = (id 0 ‘h)(u) 

{Qo 0 1 m/ 7 )^o(Qo ® i-M//) + {Ql G 1 m/ 7 )^i(Qi ® 1 m//) 

{QqQq 0 1m//)1^(<5oQo ® 1m//) + {QiQi G '^M/iWiQiQi ® 1m//) 

V{QoQqQoQq 0 1m/i) + V(QiQlQiQl 0 1 m //) 

V{{QoQ*o + QiQ*i)(^Im/i) = V 


since, for s = 0,1, Qs is an isometry such that QsQs € End(E) and QoQo + QiQ* = id^^s'- 
Similarly, 


(id 0 'I')(id 0 d>)(a(ufc)) 


(id 0 'I')(/lfc) = (id 0 T)(id 0 7r)(/lfc) = (id 0 4')(/lfc) 

(Ql 0 l^)(id 0 ^){U®^){Qk 0 Itv) = {Ql G iNKHQk 0 Itv) 
a{uk). 


The last equality requires particular attention. It is verified if and only if Qf^ G Hom(a(ufc), o(n)®^), 
therefore, in order to complete the proof, we have to check that the map Qk defined during the proof 
is in Hom(a(uA;), a(tt)®^). If A: = 0,1, it is clear. In the general case, for k >2, recall that 

Ql = r^(idB 0 Sk)oTk = d-^(idB 0 SQim^ 0 id®f)Sfc. 

We claim that 

Ql = (ids 0 Sk) o 5'~^{mB 0 id|f )S23 o {idBis>B' 0 {niB 0 id|('“^)S23) o ... 

••• ° ® d'~^{mB 0 id|?)S23). 

This can be easily verified by evaluating the two formulations of Ql on a general element of {B 0 
B')®^. The equality depends essentially on the associativity of the multiplication. Moreover, we 
observe that (ms 0id^(')S23 G Hom(a(M)0a(u®^“^), a(M®*')) by Proposition [ST] (4). Therefore, 
the linear map Ql can be obtained as composition and tensor product of morphisms. It follows that 
Ql G Hom(a(u)®^, a(ufc)) and Qk G Hom(a(ufc), a(u)®^). This concludes the proof. □ 

Remark 13. We observe that this theorem generalizes the results of Banica and Bichon. In [BB07] . 
they investigated the free wreath product of two quantum permutation groups and, in the particular 
case of two quantum symmetric groups, they proved that 


C{S+J/I - C-(5+) C(5+) 


where / C C'(S'+„) is the closed two-sided *-ideal generated by the relations corresponding to the 
condition idc" ^ End([/) and U is the fundamental representation of 
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